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Abstract 

Under some hypotheses (symmetry, confluence), we enumerate all 
quadratically presented algebras, generated by creation and destruc- 
tion operators, in which number operators exist. We show that these 
are algebras of bosons, fermions, their immediate generalizations that 
we call pseudo-bosons and pseudo- fermions, and also matrix algebras, 
in the finitely generated case. We then recover g-bosons (and pseudo- 
g-bosons) by a completion operation. 



1 Introduction 



In [ Pesl|| we have proposed a new way of looking at quantization. In this 



point of view, one should quantize the equations of evolution rather than 
the canonical commutation relations, the latter being a consequence of the 
former. In the case of a system of harmonic oscillators, which is crucial for 
field theory, we want to find algebras (over C) of q-numbers generated by 
a set {a^li G X} of so-called destruction operators, and a set {af\i G X} of 
creation operators, conjugate to the former by an anti- involution which we 
denote by J. Our algebras will then have the structure of *-algebras. It 
should be stressed that the word "operator" is just a convention here, since 
no Hilbert space is a priori fixed. We require the existence of elements Ni, 
for all i G X, so that the following equations hold : 

[Ni,aj] = -6ijai (1) 

[N„af]=6,,at (2) 

Since the base field C does not play a particular role, we will replace it by 
any field of characteristic 0. 

In this article we propose to give a detailed account of the results obtained 
in our thesis, as well as a few novelties concerning Fock algebras. We will 
begin in the second section by defining precisely what we call a number 
operator algebra, and work out the first consequences of the definition. In the 
third section we will restrict to the case of quadratically confluent number 
operator algebras of finite type, and state the classification theorem. The 
proof is quite long, so we will not give it here in full. However we give an 
account of the demonstration, as detailed as we can, in section four. Then, 
we will tackle to the problem of n.o.a. of infinite type in section five. In 
particular we will show that we can do without the confluence hypothesis. 
Furthermore, only four out of the six different kinds of algebras we have 
found in the finite case remain. These algebras are precisely those which can 
be obtained as deformations of e-Poisson algebras (a generalization of Super- 
Poisson algebras about which one can consult ||Sch|| or Pes2|| ). In section 



six, we will prove a generalization of the classification theorem for n.o.a. 
of infinite type, in which we let the number operators belong to a certain 
completion of the algebra. We will see that this completion operation is 
natural in order to have a Fock representation. In this case, we will find two 
more solutions, namely g-bosonic and pseudo-g-bosonic algebras. 
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2 Definitions and first consequences 



2.1 Definitions 

We fix once for all K a field of characteristic 0, r an involution of K (possibly 
the identity), and R the sub-field of elements of K fixed by r. For each 
cardinal number a we choose a representative set X^. In particular if a = n 
is finite, we take = {1, . . . ,n} C N. All algebras are unital i^'-algebras 
and all morphisms preserve units. If A is an algebra, we say that it is trivial 
iS A = OT A = K. We denote by Z{A) the center of A. 

Definition 1 Let a be a cardinal number and B be a non-trivial K-algebra. 
Let Xa = {aji G la}, Xa+ = {af\i E la}, N = {Ni\i E la} be 3 sets 
indexed by Xa, with the a^'s and af 's in B, and Ni's in B/Z{B). We call 
{B, Xa, Xa+, N) a number operator algebra of type a if, and only if : 

(i) B is generated by Xa U Xa+ as an algebra. 

(a) One uniquely defines an anti-involution J on B by setting J{a^) = af . 
(Hi) Equations ^ and ^ are fulfilled. 

Remark : Ni belongs to B/Z{B) which is only a vector space, nevertheless 
the commutator of such an element with any element of B is well defined, so 
that equations (|l|) and (H) make sense. 

We have to define morphisms between two n.o.a. : we will only need to do 
so for n.o.a. of the same type. For a more general definition, see [Pesl . 



Definition 2 Let {B,Xa,Xa+,N) and {B' , X'a, X'^+, N') be two n.o.a. of 
type a, and let f be an algebra homomorphism from B to B' . We will say 
that f is a morphism of n.o.a. iff : 

(t) foJ=J'of 

(u) f{Z{B)) C Z{B') 

(Hi) There exists a bisection : Xq, ^ Xq, such that f{Ni) E N'^^ + Z{B') 

It is easy to see that n.o.a. of type a and their morphisms form a category. 
We are now going to define another category, in which all creation (resp. 
destruction) operators play a symmetric role. We will denote by Sa the 
group of permutations of Xa that leave all but a finite number of elements 
invariant. 
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Definition 3 Let B be a n.o.a. of type a andSa be the group of permutations 
of la with finite support. We will say that B is symmetric iff for all a G 
Sa the prescription i-^ aa(i) uniquely defines an automorphism a* of B 
commuting with J. 

Definition 4 A n.o.a. morphism f between two symmetric n.o.a. of type a 

will be called symmetric iff it commutes with a* , Wa E Sa- 

Let {B, Xa, Xa+, N) be a n.o.a. of type a, set X — X^ U and let {X) 
be the free monoid, = K{X) the free algebra, generated by X. Thus, the 
elements of arc of the form x = J^iK^i, with Aj E K, Xi E (X). The 
set of those monomials Xi such that Aj 7^ is called the support of x, it is a 
finite set. The A called the terms of x. 

We call TT the canonical projection from onto B, and / the kernel of tt. 
There is an anti-involution on sending a- to af. We also denote it by J. 
The symmetric group Sa also acts on L„ in an obvious way. If B is symmetric 
this action commutes with n. Since everything is commuting with n we will 
often drop it from the notations : whether an element belongs to or B 
should be clear from the context. 

Definition 5 If I is generated by quadratic elements we say that B is a 
quadratic n.o.a. 

Remark : What we call a quadratic element is an element of degree < 2. If 
it has no term of degree < 1 we call it homogenous quadratic. 

2.2 A few lemmas 

We denote by Z*^"^ the direct sum 0jgXa Its elements are mappings p : 
Xq, — s> Z with a finite support. 

For all i E Ta we define the derivation Mi : La ^ La on the generators 
by Mii^aj) = —SijUi and J\fi{a'j') = Sijaf. The following trivial lemma has 
important consequences : 
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Lemma 1 If B is a n.o.a. then the diagram of vector spaces 



B B 



commutes for all i G Xq . 

Corollary 1 B is a Zi^°'^ -graded algebra. More precisely : = ^ L^, 

B= BP,I= ^ {lnLl),withLP^ = {xeLa\^iM{x)=p{t)x}, and 
BP = {yeB\ad{N,){y)=p{i)y}. 

Corollary 2 

Vz,j [iVi,iV,] = 

Proof : 

To prove the lemma, one just has to verify that 7r(A/'j(x)) = [Ni,7T{x)] for 
X G X since ad(A^j) = [Ni, .] is a (inner) derivation. 

For the corollary |I| just notice that MiMj = MjMi for all j. Then according 
to lemma |l] we also have [ad(A^j),ad(A'j)] = 0, where [, ] is the commutator 
in End(i?). Thus we can decompose each space into common eigenspaces for 
the appropriate family of commuting endomorphisms. 

Let us prove corollary | : Va; G 5, = [&d{Ni)M{Nj)]{x) =&d{[Ni,Nj\){x). 
Thus [Ni.,Nj\ G Z{B). But the central elements commute with all Ni, thus 
Z{B) C 5°. Now, if Nj = Epez- A^J, then Vz : 

peZ" 

^Vz,Vp7^0, p{{}N^ = 
Nj G ^ [Ni, Nj] = 
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QED. 

Let us notice that the action of the derivations Ni (resp. [A^,, .]) on a mono- 
mial X is to multiply it by the integer nj(x), which is the number of af 
minus the number of appearing in x. We will call ni{x) the i-number of 
X. More generally if x belongs to an eigenspace of A/i or ad(iVj) we call the 
corresponding eigenvalue the i-number of x. 

Lemma 2 If B is symmetric, is a sub-representation space for Sa- 
Proof : 

Indeed, if x E B^ it is a linear combination of monomials of zero z-number 
for all i, and for a G Sa, cr{x) shares the same property. QED. 



3 Number Operator Algebras of Finite Type 
3.1 The confluence hypothesis 

In order to state the fundamental confluence hypothesis, we have to intro- 
duce some combinatorial terminology. In this subsection we do not have 
to suppose yet that a is finite, although we will only need the confluence 
hypothesis in this case. We refer the reader to | |Berg| ] or | |Ufn | for a more 



formal presentation. In the sequel by a reduction system we mean a subset 
of (X) X La- Its elements are called reductions : they are couples (m, /) for 
which we will use the notation m — > /. 

Given a presentation of an ideal / (i.e. a set of generators) and a monoid 
ordering <, that is an ordering on {X) which is compatible with multiplica- 
tion, it is sometimes possible (always if < is total) to construct a reduction 
system by isolating the leading monomial of every element of the presenta- 
tion. We say that this reduction system is associated with the presentation 
and <. More precisely, if P is the presentation, then the reduction system 
associated with P and < is S'/,< = {lm((7) — > — j^{g— It {g))\g G P} where 
we used the following notations : Im stands for "leading monomial" , Ic stands 
for "leading coefficient" and It stands for "leading term" . 
A reduction system is useful if it gives a way of rewritting elements of B so as 
to give them a unique normal form. Indeed, let x = J2i be an element of 
La- If m — > / is a reduction of S'/,<, then every occurence of m as a subword 
of any monomial Xi may be replaced by / without changing the class of x 
modulo J. The aim is then to apply every possible reduction to x until we 
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get an irreducible element, that is to say an element we cannot reduce any 
further. 

Of course this is not always a well defined procedure. First if we have two 
reductions m — >■ / and m' —>■ f it can happen that the same monomial Xi 
can be written Xi = abc with ah = m and be = m'. In this case we say that 
there is an overlap ambiguity. It is called solvable if there are two sequences 
of reductions, Si and S2, such that applying Si on fc and S2 on af gives the 
same result. This can be visualized on the following diagram : 

abc 

/ \ 
fc af 

same result 

There can also be inclusion ambiguities : Xi = abc with abc = m and b = m' . 
It is said to be solvable if there are two sequences of reductions Si and S2 
such that si applied on / is equal to S2 applied on af'b. 
When all ambiguities are solvable, the reduction system is said to be conflu- 
ent. 

There is one last problem to solve : we must be sure that the procedure will 
stop, and will not give an infinite cycle of reductions. This is achieved by 
using orderings satisfying the descending chain condition (DCC) : all decreas- 
ing sequences are stationnary. Among such orderings, the most natural ones 
are the so-called "deglex" (degree-lexicographic) orderings, obtained from a 
total ordering <o on the generators, that is : x < ?/ iff d°{x) < d°{y) or 
{d°{x) = d°{y) and x is before y in the lexicographic order induced by <o). 
So, if S'/^< is confluent and if < is a monoid ordering satisfying DCC, Bergman's 
diamond lemma [|Berg|| states that the set of irreducible monomials is a K- 



basis for B. 

For instance take a = 1, = {a}, Xa+ = {a^}, so that Li = K{a,a'^), 
and denote by < the deglex-ordering coming from a"^ <o a. Let us consider 
the ideal I generated by P = {a^, a^^, aa^ + a+a — 1}. The reduction system 
associated to P and < is = {a^ — 0,a"'"^ 0,aa'^ 1 — a+a}. This 
system is easily seen to be confluent. For instance the overlap ambiguity 
coming from a^a+ is solvable because (a^)a"'' and a{aa'^) — > a(l — a+a) = 
a — {aa'^)a — > a—{l — a^a)a = a^(a^) — >■ 0. By Bergman's lemma we find that 
the irreducible monomials (1, a, a~^ and a~^a) form a iiT-basis of B = Li/I. 
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Remark : It is always possible to avoid inclusion ambiguities in a reduction 
system (see [Berg] or [Besl]). In this case we say that the reduction system 
is simplified. It is also always possible to assume that every element of a 
confiuent reduction system is of the form m — r with r irreducible. We shall 
say that such a reduction system is reduced. 

Definition 6 We say that a presentation P of an ideal I is quadratically 
confluent (resp. deglex- quadratically confluent) iff the elements of P are at 
most of degree two, and there exists a monoid ordering < satisfying DCC 
(resp. a deglex ordering), such that the reduction system associated with P 
and < is confluent. 



3.2 The Main Theorem 

We can now state our main result for n.o.a. of finite type : 

Theorem 1 Let n be a finite number and let B = Ln/I be a symmetric 
deglex- quadratically confluent n.o.a., i.e. I satisfies the following properties 

(Pi) J{I) C /. 

iP2)WeS.n, CT*{I)CI. 

(P3) 3A^i, ...,NneBs.t. and §) hold. 

(P4) .■ 3 <o, a total ordering on X s.t. I admits a quadratic and confluent 
reduction system, adapted to the deglex ordering coming from <o. 

then, if n = 1, there exists h & R \ {0} such that I is generated by one of the 
following sets : 

(a) {a^, a"^^, aa^ + a+a — h} 

(b) {aa~^ — a^a — h} 

if n > 2 there exists h & R \ {0} such that I is generated by one of the 
following sets : 

(a) {a-^, af'^, a^a^ + a^a^^, afa'^ + a^af, a^a'j + a+Oj, a-af + afa- — h\l < i 
3 < n} 

(a') {Cj^, af'^, a^aj — a^a^, afa'^ — aj^af , a^a^ — a^a^, a^af + afa^ — h\l < i 
j < n} 
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(h') {ai^,af^,aiaj,afa+,afaj,ata- + J2kak(^k - h\l < i ^ j < n} 

(c) {a^aj — aja^, afaj — ajaf, a^aj — a^a^, a^af — afa^ — h\l < i ^ j <n} 

(c') {a-aj + a-a^, afa- + ajaf , a-a^ + a^a-, afif — afa- — h\l < i ^ j < n} 

Remark 1 : In the case n = 1, the hypothesis (P4) can be loosened to : 

/ is generated by elements of degree < 2 (P4) 
It is also true for n infinite that we can replace (P4) with (P4), as we shall 
see later. However, in the case 2 < n < 00 there exist ideals / satisfying 
(Po), • • • , (^^3) and (Pi) but not (P4) (see p^ ). 

Remark 2 : In the physical case, /i is a positive real number and we can 
set /i to 1 by rescaling the units, which amounts to the symmetric n.o.a. 
isomorphism (px '■ o,^ Xa^, with A G R. Then, we get : 

• (a) The tensor product of n Weyl algebras (boson case). An = Ai ^ 
. . . ® Ai, with Ai = Li/ {aa~^ — a^a — 1). 

• (a') The graded tensor product of n Weyl algebras (we call it the 
pseudo-boson case). An = Ai^ . . . (§)Ai. 

• (b) The matrix algebra A4n+i{K). 

• (b') The same as above but with the creation and destruction operators 
exchanged. 

• (c) The graded tensor product of n Clifford algebras (the fermion case), 
Cn = Ci<§ . . . (8)C*i, with Ci = Li/ {a?, a+^, aa+ + a+a — 1). 

• (c') The tensor product of n Clifford algebras (the pseudo-fermion case), 

Cn = Ci® . . .®Ci. 

Particles whose creation and destruction operators form the algebra (c) or 
(c') satisfy Pauli's exclusion principle : only one particle of that kind can be 
found in a given state {a^ = af'^ = 0). Particles of type (b) or {b') follow 
a more extreme exclusion principle : only one such particle can be found, 
regardless of its state {a^aj = afa^' = 0). 

Remark 3 : We see that all these algebras depend only on a single constant 
h. Thanks to this fact we can see them as deformations of the "classical" 
algebras obtained by taking h = 0. This point of view is developped in 
^es|. 
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4 Sketch of proof of theorem [1] 



We do not have the space here to give the full proof. Nevertheless, we will 
give enough indications (we hope) for the reader to fill in the blanks. For a 
detailed proof, see Pesl|| . 



4.1 A few more lemmas 

Lemma 3 // (P3) and (P4) are satisfied, then I can be generated by a set of 
elements of the form : (1), af'^ (V), aa^a- + Pa^a^ (2), aafa~j + jSa'^'af 
(2'), aa^aj + paja^ (3), Y.i<i<n aiaiaf + T.i<i<n Piaf a,, - X (4), (5), or 
at (5'). 

Proof : 

Let P be a quadratic presentation of / and let r E P. We can write r = 
SpeZ" where p, seen as a function of i, must be ±25jj, or ±{6ij + 6ik), or 
0, or ±Sij. Now, from lemma |^, r G / G /, Vp, and the forms (1) to 

(5') correspond to the different possibilities for the p's. QED. 

Lemma 4 If I fulfils (Pq), {P3), CLnd (P4), then it must contain at least one 
set of generators of type (4) with A 7^ 0. 

Proof : 

Let us suppose that it is not so. Then, by lemma ^ and (P4) , / must be gen- 
erated by elements of the form : a^, af, or r, with r homogenous quadratic. 
Now by (Pq), 3^ such that or af is not in /. Suppose ^ /, and let 
Ni belong to 7r~-'^(A'j). By (P3), / must contain Nia^ — a^Ni + a^, whose 
only term of degree one is a^. But every element of I can be written as 
xry + SjQjtj + J2 Uka^Vk, r being homogenous quadratic, and the second 
sum running over j 7^ i. This is a contradiction. QED. 



Lemma 5 If B = Ln/I satisfies (Pq), (P3) and (P4), and if C is a commu- 
tative algebra, then HomK-aig{B,C) = {0}. 

Proof : 

We have Wi, 4>{[Ni, 7!-{af)]) = (f){n{af)) = 0, since C is commutative. For the 
same reason, (/)(7r(aj)) = 0. Now, by lemma ^, / contains an element of the 
form x + X.l, X ^ 0, X homogenous quadratic. We have : = 0(7r(a; + A.l)) = 
^{7i{x)) + A0(1) = + A. 0(1). Therefore ^{1) = 0, and = 0. QED. 
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Lemma 6 Let B = Ln/I, B' = Ln/I', tt and it' the respective projections. 
If^(j): B — s> B' , an algebra homomorphism such that (f){TT{a^) = 7r'(aJ and 
0(7r(a+)) = 7r'(a+), then : I fulfils (P3) I' fulfils {P3). 
(In particular, this is the case if I d I' and if (p is induced by the identity 
map of Ln) 

Proof : 

It is easily verified that the images by of the number operators of B are 
number operators for B'. QED. 

Lemma 7 Let B = Ln/I such that (P3) holds, let B' be any algebra, and 
(j) G Homx-aig(-B, -B') such that Vi, 0(aj) = 0(a^). Then, \/i (pi^a^) = 0. 

Proof : 

Set Xi := 4>{a-) = 0(a^). In one hand [Ni,a^] = —a^ =^ [(f>{Ni),Xi] = —Xi, 
and in the other hand [Ni, af] = af ^ [(f){Ni), Xi] = Xj. So Xi = 0. QED. 

Lemma 8 Let n > 2, B = Ln/I such that (P3) holds, B' any algebra, and 
(j) G Hom/^_aig(-B, -S') such thafii,], 0(aj) = (pi^a^) (resp. (p^af) = (p^a'j')). 
Then, Wi (p{a^) = (resp. (p{af) =0). 

Proof : 

Let us examine the first case, the other one being similar. Let i j and let 
X := (p{aj) = <p{(^j)- Then [Ni,a^] = —a^ =^ [(p{Ni),x] = —x, and [Ni,aj] = 
^ [(plNi),x] = 0. Thus x = 0. QED. 

We now have to work out the consequences of (^2)- It is a bit long, but very 
easy. We only state the results, leaving the details to the reader (one could 



also see Besl 



In what follows, we suppose n > 2, ^ is a n dimensional vector space with 
basis ei, . . . , e„ and coordinates ei, . . . , e„. Let p : 5„ — * End(l^) be the 
representation given by p(cr)(ej) := cr.Cj := eo-(j), let H be the hyperplane of 
equation ei + . . . + e„ = 0. is the vector space W = V Q)V 0)1, where 1 is 
the trivial representation of 5„ of dimension 1. W bears the representation 
p © p © L Finally, we set = Ci © © 0, = © © 0, and let 1 be a 
non-zero vector of 1. 

Lemma 9 Let w G W , w ^ 0, and let 0{w) be the linear span of the orbit 
of w under the action of Sn. Then 0{w) is isomorphic as a representation 
space to : 1, H, /7©1, H (B H or H ® H ®1. Furthermore 0{w) has a basis 
of the form : 
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• in the 1st case : {/ix-^x + /^yly + /^i-l}; with 1^ — Xi + . . . + Xn, 

— Hi + ■ ■ ■ + Un) o.iT'd IJ-x, l-i'y, A*i ^ K, not all zero. 

• in the 2nd case : {Xxixi — Xi) + Xy{yi — yi)\i > 1}, (A^;, Xy) ^ (0, 0). 

• in the 3rd case : {^x^x + l^y'^y + /^il, Xx{xi - Xi) + Xy{yi - yi)\i > 1} 
(/x,,/i„/ii)7^(0,0,0), {Xx,Xy)^{0,0). 

• in the 4th case : {xi — xi,yi — yi\i > 1}. 

• in the 5th case : {jixlx^ l^y'^y^ IJ'd,Xi-Xi,yi-yi\i > 1), {/ix, /J'y, /J'l) 
(0,0,0). 

If we take an element x of /, we can make 5„ act upon it to get others, so 
that the whole orbit of x belongs to /, and of course, so does its hnear span. 
Using this and noticing that the last lemma apply to our situation if we set 
Xi — a^af , yi — afa^, and 1 = 1, we arrive at the following result : 

Lemma 10 /// fulfils {Pq), {Pi), {P2), (-P3) and (P4), then I can he gener- 
ated by a union of sets, each having one of the following forms : 

• form (2,0) .■ {a-^,af'^\l < i < n} 

• form (1, l)a : {a^aj + aja^, afa'^ + a+a+|i < j} 

• form (1, 1)^ ; {a^a^ — a^a^, afaj' — a+a+|i < j} 

• form (l,l)c .- {aiaj-,a+a+|?: j} 

• form (1, — l)a •' {raiUj' + sa+aji 7^ j}, with (r, s) ^ (0, 0), r,s & R. 

• form (l,-l)b .• {aia^,a^ai\i ^ j} 

• form (0, 0) ; (Y^aia^al + ^^0+0^ - A} 

i i 

Furthermore, each set of the form (0,0) can he replaced by a union of sets of 
the form : 

• form Ai : {a^af — a-^aili > 1} 

• form Bi : {afa^ — aiai\i > 1} 
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form A2 : {aiaf — A|l < i < ri} 
form B2 : {af^^i ~ ^ ^ '^j 
form C : a^af - A} 



l<j<n 



• form D : {J2 (^t^i - /^} 

l<i<n 

• form El : {a{a^al — a^aj^) + [3{ala^ — alai)\i > 1}, a(3 7^ 

• form F ; {a ^ a^af + /5 ^ a^a^ — A}, a[3 7^ 

l<i<n l<j<7i 

In every case, we can assume that a, (3, X, fi and v belong to R. 

The next step is to combine the different sets of generators enumerated by 
lemma rU. For instance, if we are given the set UC, we can replace it with 
a set of the form A2. Obviously, some combinations, such as the union of two 
sets of the form A2 with different values of lambda, give a trivial result and 
we can get rid of them. The next proposition sum up the different results. 

Proposition 1 Let = {x ^ I\d°{x) < 2}, 4^'°^ = / n Spanja^^ a+^|l < 
i < n}, 12^'^^ = I r\Spa.n{a^aj,afa^\i j}, l2^'^^^ = Ir\Spaii{a-a^,afaj\i 7^ 

j},/r) = /2nLM. 

Under the hypotheses of lemma \T^, there exists a presentation R for I , of the 
form R = /?(2,o) -Q/^CCO)^ ^^^/^ ^/^^^ ^ ^^^^^ of 

Furthermore : 



^(2,0) ^ 0) or the empty set. 

= (1,1), or (l,l)f, or (1,1), or0. 
= (1,-1), or (l,-l)fe or0. 



and R^^''^^ is one 


of the 


following sets : 




A2 = {a^af - A, 


. . . , a„ 


<-A} 




U 5i = {a^af 


-A,. 




afa^, . . . , a'^o,^ 


U ^2 = {a-iai 


-A,. 


• • ! (^n^n ~ A, afa-i — 


A, . . . , a+a„ — A} 


A2U D = {a-^a^ 


-A,.. 
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A:i = {afit + P Ej a/oj- - A| 1 < i < n} 

>li U D = {oaO^ - a^at, a^a+ - a^af, Ei aff^i - ^} 

C = {Ei 0^0,+ - A} 

C U L> = {E» flifl^ - A, Ei a+a^ - //} 

or {af a^^ + aia^af + a2J2j^iO'jO'j^ — A*|l < « < J^}, cti 7^ q;2, ai + (n — 1)q;2 7^ 

^2 = {«^«^^ + Piaftti + Ei^i«>i - A|l < i < n}, A 7^ or 
{EiOia^^ - A, Q;(aia,^ - a^af) + (^{afa^ - ata^)\i > 1} 

Ei\J C \J D — {Xlj Q'ja^ — A, X]j c^/ctj ~ A*) (^^i^t + P^^t^i ~ > 1}? ^^^^ 
= (aA + Pij)/n 

F = {a OiOi" + /3 Ei Oi^Oi - A} 

Ai \J Bi U F — {a^af — a^a^", afa^ — aitti, aaiUi + fiala^ — \\i > 1} and 
also : B2, Ai U B2, B2 U C, D, B^, BiU C , or E2, which are respectively 
symmetrical to A2, A2 U Bi, A2 U D, C , A3, Ai U D, E2, by the exchange of 
Oj and af . Moreover, in each case, at least one of the constants \, fi or v is 
non-zero, a and (3 are non-zero, and all the constants belong to R. 
Such a presentation is unique, except in the cases E2, E'2 and E2 for which 
we give two forms, and is called "standard" . 

Even if a standard presentation is given and if the hypothesis (P4) is satisfied, 
the standard presentation could happen to be non-confluent for any ordering. 
The next proposition shows that it is not so. Indeed, if a confluent reduction 
system exists for some deglex-ordering <, then this system is associated with 
a standard presentation. Furthermore, all orderings are not allowed. 

Proposition 2 Let I he an ideal such that {Pq),- ■ ■ ,{Pi) hold, and let S he 

a quadratic confluent reduction system, which is adapted to som,e deglex or- 
dering <, and associated with I . We also assume that S is simplified and 
reduced. Let R = ii^^-o) ]j ]j i^CL-i) ]j/^(o,o) ^ standard presentation 
of I, and Rs the presentation associated with S and <. 
Then, Rs = 4''°^ U 4'"'^ U 4''"'^ U 4°'°\ S = -S^^'O) U -S^^'^^ U -^^^'-'^ U 
5'(o,o)^ yjfiQfQ ffiQ reduction system associated with R^'^'^\ and R^g'^^ — 

R(m^ 4'i) = {x/\c{x)\x e 4"'^ = {x/lc{x)\x e i^^^'-i)}. More- 

over, depending on R'^'^'^\ the S'^'^'^^ part is : 

A2 : = {0^0+^ A|l <i<n}. 
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U B2 : 3io s.t. = {a.at^ai^al, a+a^^n\i ^ io, 1 < j < n} 

A2 U B2 : = {a,a+^A, a+a,^/x}. 

A'i : there are two possibilities (a) : S^^''^^ = {a^af^X — PY.jO'^ ctj)} , or 

(b) : 3io,jo s.t. = {aiat^ai^a+,aj^aj^^^-^ai^a+-Ej^j^afaj\i ^ io} 

C : 3io s.t. = (a^^a+^A - Ei^iofljai^} 

CUD : 3io,jQ s.t. 5(0'°) = {a-^ a+^A - Ei^io^ia*^, sVio^/^ ~ ^iT^io^/s) 

^1 U D ; 3io,io s-^- '^(O'O' = {a,a+^a.^a+, a+a^-^^/x - Ej^jo«/s l^ ^ ^0} 

A2 U D ; 3io s.t 5'^°'°) = {a^af^X, af^a^^^^ — Ej>^j(,a/aj|l < ^ < ^t-} 

E2, with n > 3 : (a) {a^af^X — Piafa^ — /32EjyiOt/o^-|l < « < n}, or 
(h) {afa^^n — aia^af — a2J2j^iO'jO.^\^ < i < n} 

E2 with n = 2 : (a), or (b) as in the previous case, or 

(c) {a+a^.^^(A-/?ia+a,-a,a+), a^a+^X{l - |) + (| - /32)a+a, + |a,a+}, 
with = {1,2}, or 

(d) {a,+a,.^j^(A-/52a+ 0^-0^0+), a^.a+^A(l - f^) + - /3i)a/aj + f^OiOj^}, 
mt/i {z,j} = {1,2} 

^2 ■■ (a) [aiof^X - Piafa^ + ^ Ej^ia/S'l^ <«<«}, or 
io}; /or io e [l..n\, or 

^^joSo ~'~ '^So^jo ~ '^^i'^i'N 7^ ^0, Jo} /or some io, and with a = (1 — n)//3i 

F : (a) {tti^at^^^ - Ei^ioaiaf - f Ei<j<„«'/a^}, for some io, or 

(b) {a+Ojj,^^ - I Ei<i<naia+ - Ejyjo«/s} /^^^ ^o- 

AiUBiUF : (a) {aiaf-^a^^af^, a^a^^^ - ^a^^afji 7^ io, 1 < i < n}, or 

(b) {afa^^aXai^, S^^a ~ a^^VioN 7^ «o, 1 < j < ri} 

El U C U D .- 3/C,£ C [l,..,n], K: n £ = 0, io ^ /C U £, /C U £ U {io} - 

[l..n] such that = {a^af^^- ^afa^.a^a^^^ - ^a^a^ .a^^aj^^X' - 

J2K<^k<^t + f E^Ofc flfc, at^io^^^' - Ec^k^^k + f EK;afeaj^|i e £, j G X:}, A' = 
A-Car<£)^, /x' = fi-Card{}C)^. 

By the exchange of and af we also find the forms corresponding to B2, 
A2DB1, B3, and E'^. 
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For the proof, see [ Besl . 

The next proposition will allow us to use symmetry between and and 
fix the value of some constant when needed. 



Proposition 3 Let he one of the following automorphisms of Ln : 
e : Ln — ^ Ln 0a, '■ Ln — > Ln 

I — > af a^ I — > Attj 

af I — > a- af i — > fiaf 

with Xfi E R \ {0}. Then if I fulfils (Pq),- ■ ■ ,(-^4); ■^o does (f>{I)- 

Proof : 

We do it for 0a,^j the case of e is even easier and is left to the reader. 
For (Pq), it is obvious. Let us show that (px^^^I) fulfils (Pi) : it is only needed 
to verify that the image under (f)\^^ of a standard presentation of /, which is 
a presentation of (px^^i^I), is sent into 4>x^^{I) by J. 

If a; is a homogenous quadratic element of a standard presentation of /, 
4>\,fi{^) is proportional to x, so J{(t>\^{x)) is proportional to (j)\^^{J{x)) and 
therefore belongs to (px^^i^I). Now if x = Oiia^af + f^iafa^ — u.l, with ai, 
jSi, 1/ G -R, is a generator of /, then 4>x,^{x) = \^(J2 oiia^af + PiafcLf) — i^-l 
is stable under J, because A/i G R. 

It is clear by its definition that commutes with the action of 5„. Thus, 

Lastly, let 5, whose elements we denote by mg— be a quadratic confiuent 
reduction system, adapted to < and associated with /, and let W be the 
vector space spanned by the irreducible monomials relatively to 5*. If we 
set (t)x^f,{S) = {m,^^0A,M(/Jk e S, rus of degree k in a^ and / in af}, 
then 4>x^^{W) = W is also the linear span of monomials that are irreducible 
under (px,tM{S). Moreover 4>x,^i{S) is clearly adapted to < and I Q)W = Ln ^ 
0A,/i(-^) © 0A,^t(W^) = Ln- Thus, by Bergman's lemma, 0a,/^(5') is confiuent. 
QED. 

The last of our lemmas will help us to reduce the number of cases. 

Lemma 11 // / fulfils (Pq),- ■ ■ X-Ri); ond if n > 2, then I must contain a 
set of generators of type (1,1) or (1,-1)- 

Proof : 

Let 5* be a quadratic confiuent reduction system for /, associated with some 
deglex-ordering <, i? be the associated presentation, T the basis of irre- 
ducible monomials, and W = Span(T). Let us denote by Ni,...,Nn the 
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representatives of A^i, . . . , Nn in W, and write A^i = Ai^i + . . . + Afc^^ + 
with = . . . = d°{^k) > d°u and > . . . > ^k, \i, . . . , \k & K \ {0}. 

We first need to show the following formula : 

^^^Nj = o (3) 

This is true because [Ni, Nj] = AfiNj € /• But T is made of eigenvectors 
for Afi, so W is stable under Afi, consequently AfiNj E W H I = {0}. 
Obviously, we also have : 

V^,j, Mo = o (4) 
Write ^1 = xr]y, with x,y G X. There are two cases : 

• There exists h E X with an index different from the indices of x and 
y. Suppose first that h > x. Then h^i > C,ib, and since b^i > 6^2 > • • • 
and ^ib > > ... we have lm([iV'i, b]) = 6^1. Thus 6^1 = bxrjy must 
be reducible, but since ^1 = xrjy is not and the reduction system is 
quadratic, it is only possible if bx is reducible. We then have relations 
of type (1, 1) or (1, —1) in R. Now if 6 < x, we have lm([A^i, b]) = C,ib = 
X7]yb, and we deduce that yb is reducible. Therefore the relations (1, 1) 
or (1, —1) are in R. 

• There is no such b. Then n = 2 and X = {x,x~^ ,y,y^}. If xy or yx 
are reducible we have relations (1, 1) or (1,-1), so we suppose they are 
irreducible. For k large enough, we have {xyY^i 7^ ^i{xy)^. Indeed, 
if not we would conclude that ^1 divides (xy)^ but it is impossible 
since ^1 must contain x"*" or y~^ by the formula (Q). So we deduce that 
lm([A''i, (xy)'']) = ^i{xyY or {xyY^i. In both cases it is irreducible, so 
this is a contradiction. QED. 



4.2 The main calculations 

If / is such that (-Po), • • • , (-P4) hold, it has a standard presentation by propo- 
sition We have to study every such presentation that is not yet ruled 



out by lemma |TT]. In most cases, it is possible to show that {Po)-, (-P3), or 
(P4) cannot hold by making use of our different lemmas. Nonetheless, it is 
sometimes necessary to call upon a reduction system and calculate in a basis 
of irreducible monomials. 

For convenience, we will deal with relations in B rather than with generators 
of the ideal /. 
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When the relations (0, 0) depend on a single constant term A (which must 
be non-zero) we assume that A = 1. 

In cases containing (1, — !)„, and if r 7^ 0, we set q — — . If s 7^ 0, we set 

r 

/ r 
q = — . 

s 

Prom now on we assume n>2. We will look at the case n — 1 afterwards. 

(l,l),U(l,-l)fcU(2,0) : 

So I is generated by the relations (1, l)cU (1, — (2, 0) together with some 
relations of type (0,0). If relations of type A2, C, B2 or D with A or 7^ 
are present, it is easily seen by multiplying them on the left or on the right 
by that a, = 0. Thus (Pq) is not satisfied. Let us see the other cases : 

• : In B we have : 

a-^at + (3J2atai^ 1 (h) 

Let's multiply (/i) on the right by a^^, we get a„ = 0, thus B — 0. This 
also rules out the case AiL) BiU F — A3L) Bi. 

• E2 : 

< 

We do as above. 

• F : 

We first multiply the relation F by on the left, then on the right, 
and we get : 

If a ^ f3, we have B = 0. Thus we can assume that a = (3 = 1. 

We have a^afa^ = a^, Vi. But if there exists a quadratic confluent 
reduction system for /, it is of type (a) or (b) (see proposition 2). In 
both cases, there exists i such that a^^af and afa^^ are irreducible, so 
OjO^Oj must be irreducible, and this is a contradiction. 
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(1,1), orfcU(l,-l)feU(2,0) : 

Making use of either (1, —l)a,b or (2,0), we see that A2 or B2 with A 7^ 
leads to -B = 0. 

• C : Multiplying the relation (C) by a^^ on the left we get : 

i>l 

i>l 

This also rules out all other presentations containing relations of type 
C (in particular = U C). 

• F : We have 

l<i<n l<i<n 

=^ a ^ ±a^aiaf + Paiafa^ = tti 

i>l 

Multiplying by on the right we would obtain in the same way : 

aa^a^a^ = (5) 
thus a = p. Furthermore, multiplying (H) by a^, i 7^ 1 we get : 

a^^Oj = aa^af a^a^ = ±aa^af a-a^ = 

But, the presentation being standard, {a^aj — a-a^, a^a^ — a'j'af\i < j} 

is a basis of l2^'^\ Now a^^Oj ^ Spa.B.{a^aj — a^a^^afa^ — a^af}, a 
contradiction. 

We can do the same for F, and thus for ^3, and E2. 
(l,l)eU(l,-l)aU(2,0) : 

• : Let's multiply (/i) on the right by : 

ttiolai = (6) 
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Now a-^^af = a^af =^ = a^^afa^, Vi. Then if s 7^ 0, we have 
= —q'a^a^af = 0, for z 7^ 1, and 5 = 0. We can thus assume 
that s = 0. 

Now a^ttj' = 0, and multiplying (/i) to the left by a^, we find = 
Pa^afa^, consequently we have /3 = 1, by 

We are then in the case (b) of the theorem. It is easily seen that the re- 
duction system {a^a^-^O, afa^'^O, a-af^l — 
J2 (^k^k\^ ^ i 7^ j ^ n} is confluent and adapted to the deglex-ordering 
coming from af < . . . < < < . . . < a^, which we will denote by 
<n in the rest of the section. We let the reader verify that (P3) holds, 
with Ni = afa^ + Aj.l, Aj G K. 

F : Let's multiply F by on the right, then on the left : 

aiEi<i<naiat)a^ = 

= rPa^afai 
tti = saaiafa^ 

ra^a2 = —sf3aiafa2ai = 
sa2a^ = ~raaia2aiai = 

Thus r = or s = (the presentation is standard). If r = 0, 
aj'{aJ2i(ii(^t) + (^fPiJ^cit^^i) = aOja^Oj = . Now 3j such that 
a^ajOj is irreducible, and we come to a contradiction. The case s = 
is symmetrical. 

• AiVJ BiVJ F : From case F we know that we can assume that r = 0, 
then we have a„ = aa^Oia^ + (3aia^a^ = 0. Consequently 5 = 0. 

• E2 : By F, we have rs = 0. In each case it is easy to show that B = 0. 
;i,l),U(l,-l),U(2,0) : 



C : Let's show that 5 = 0: 



E 



^ E «i • • • «n 



ajOj — tti . . . 
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=^ = . . . a„ 

Suppose that every product a^^ . . . aj^. of length k is zero. This is true 
for k — n. Then : 

and the sum is zero, since all terms a^^ ■ ■ ■ vanish. Thus, by 

induction, we see that B — Q. 

Since we made no use of relations (1, — we can get rid of the case 
(1, 1)6 U (2, 0) U C by the same method. 

• F : Thanks to all the relations we have, one can show that 

(a- (3)(r + s)ai...a^ = 

Then, if (a — P){r + s) ^ 0, it can be proved by induction that B — 
If only one of the factors a — /9 or r + s vanishes then it is possible to 
show that flifl^ = 0. Let's see the case a — ^ and r + s = in more 
details. We can assume a = 1. 

If n > 2, it is easily verified that the natural projection L„ L2 gives 
a surjective homomorphism from B^ onto B2. Therefore, if (P3) does 
not hold for n = 2, it will not hold for any n>2. 

Let < be the only deglex-ordering such that a]*" < < 03 < The 
reduction system S — {0201— >^aj^a2, a2'ai"— >ai"a2 , a^^^— >0, af^^O, Cg^^O, 

02"^— >0, a2af^a^a2, 02 cii— >aiCi2^, 0202 — >1 — OiOi" — a2"Q2~^i"^i} is con- 
fluent and adapted to <. If we call T the basis of irreducible mono- 
mials and To := T n B2, then it is clear that Tq = {1,02^02, (a^^a-,^)'^, 

(ai'a;^)'^a2 02) ('^I'^i^)'^) ('^i'^^)'^'^^'^2)l^ — Indeed, no a2 can be on 
the left of another term, an 02" can only be on the left of an 02, 
etc. .. Now, for A; > 1 : [{afai)^,ai] — {afa-^)''af, [{aiai)'^a2a2, af] — 
{ata^)''atata2, [{a^ai)''ata2, a^] = -at{aiat)''ata2, [{aiut)'' , af] = 

—afla-^^af)'' and [a2'a2)'^]^] — 0- 

We see that af never appears in these commutators. Consequently, 
(P3) cannot hold. 
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• ^3 : From F we have r + s = 0, then : 
a^. . .a. 



So by induction B 

• E2 : From F, we can assume that r + s = and /5i + (n — l)/32 = "'^ 
(which corresponds to /5 = 1 in the case F). 
aiih) - {h)a^ gives : 

- l)a^ata^ + (32 ^(0^0+ - 0+0^)0^ = 



= a-|^ai"a^ • • • '^n 

= a^a^a^ . . . a„ 

= a^{a'^ai)a2 ■ ■ - Cl^ 

= 

= 0. 



{I3i - l)a^ata-^ = (7) 

But we also have : 

l<i<n 

l<i<n 

^ = P20'iatai (8) 

— if /32 7^ 0, (H) ^ a;^a]^a]^ = 0. Thanks to a;^...a„(/j) we get 

. . . = and by induction B = 0. 

— if P2 = 0, we can assume /3i = 1, or else i? = by (0). We get the 
reduction system {0^^— >0, a^^— i>0, a^a^^a^aj, a'j'af-^afa'j', a^a^^ 

j^— >1 — aj'^ajl < i < j < n}. It is confluent and adapted 
to <„. i? is a solution to our problem, with Ni = afa^ + Aj.l, 
Aj G -fC, and we are in case (a) of theorem 1. 

(1,1),U(1,-1),U(2,0) : 

This case is similar to the preceding one. In the case £"2, we find the solution 
(a'). 
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n 

C : Let (j) : Ln ^ C, with C = ^ K[xi,yi]/{xiyi — 1), defined by : 

i=l 

(p{aj) = Xi, (p{af ) = Hi. (f) goes to the quotient, indeed : Vz 7^ j, 

0, o-iol — 1) = (I] a^j^/j) — 1 = 0. But 7^ then by lemma ^, (P3) 
does not hold. 

C U D : We have (C)a]^ ^ a]^a5''cii = Aa^ and ai{D) =^ a^afa^ = fia^, 
then if A 7^ /i, i? = 0. If A = /i, we do as above, using the same 0. 

A2, A = 0, UD : Computing {D)a^ we are led to a^^ = 0. 

A3 or U D : With a = 1 or : 

=^ aaia2a2 + /3a]^a]''a;^ = 

^ /Ja^^aJ^agO^ = = a^af 
This is impossible in both cases. We can do the same for AiU BiU F. 

E2 or E'2 : Let's calculate Oi(^n), and (/n)o.i- We get : 

a^aftti + Piafa^"^ = {ii) 
j32a^aia^ = a-^ {iii) 
P2ttt(^i^ = '^1 (^'^) 

Thanks to the three last formulas we get {P2 — Pi — l)*^! = 0. 

So, if /32 - A - 1 ^ 0, i.e. pi ^ ^ in the case E'^, 5 = 0. 

Moreover, (iii) and (iv) =^ P2 0, or else 5 = 0. 

The only remaining case is = /3i + 1 7^ 0. We define : 5 — >■ 

n 

^K[xi,yi]/ {xiHi - I/P2) by 0(aj) = Xi, (f){af) = yi. (p is well defined 

i=l 

since 0(0^0+ + /3ia+ai + /52 Ej^i a/ctj) = (1 + + /32 Ej^i a;^?/^ = 1. 

Thus (P3) cannot hold. 
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• ElUCUD : 

{a^a^ + . . . + a„a+ = A (h) 

ata^ + ... + a+a^ = /i (k) 

aa^af + Pafa^ = v (l^^i) 

We must have X = fi hj C U D. Now, if we multiply (/s^j) by with 
j 7^ i, we find ua^ = 0, therefore z/ = 0. But X{a + (3) = nu = and 
A must be non-zero by lemma ^, then a + (3 = 0. We can assume that 
A = 1 and a = —(3 = 1. We then use the same as in case E2. 

• F : 

=^ aa^af — Pa^^afa^ = 

Now (P4) implies that there must always exist i s.t. a^af and afa^ are 
irreducible. A contradiction. 



(1, l)a or fe U (1, — l)fe : Such a presentation is never standard. Indeed, we 
always have relations of the form : 

Y Oiia^af + Y PiO-fo-i + A = 

l<i<n l<i<n 

with A 7^ 0. Therefore : 

ai Y, OLiO'iO't + Aa^a^a]^ + Xa^ = 

l<i<n 

=^ a;2ai0.2'^2''^2 + I3ia^aia^a2 + Aa-i^ag = 
=^ ±a2'3.2 (0-10-2^)0-2 ^ /9iO]^(a^a2)'^2 + -^o^Og = 
^ Ao^Og = 
=^ aia2 = 

This is impossible. 

(1, l)c U (1, — l)a : This case is very easy, and we only state the results. 

• C, C U D, Ai U D : Multiplying the relation C or D by o^, one can 
prove that the presentation is not standard. 
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• ^3 or yli Ui?i U-F : It can be proven that = 0, thus the presentation 
is not standard. 

• E2 or E2 : It can be shown that : 



Therefore we have rs(/52 — /3i — 1) = 0. If /32 — /3i — 1 = the ho- 
momorphism of (1, l)c U (1, — l)fe U E2 can be used to exclude this 
case. If rs = and j32 — Pi — 1 ^ 0, the presentation is shown to be 
non-standard. 

• F : We have, Vi : aa^afa^ + Pa^afa^"^ = a^, so we conclude that the 
presentation is not standard. 



Thus r + s^O^B = Q. Ifr + s = Oan homomorphism 6 : B ^ C, 
with C = K[xi, . ..,Xn,yi,.. . ,yn]/{xiyi-l, . . .,Xnyn-l), is defined by 
setting 5(aj) = Xi, S{af) = yi. Therefore (P3) cannot hold, by lemma 
§. We do the same for A2 U Bi and A2U B2. 

• A3, AiU D and A2U D : In these 3 cases we have : 



with a = for A2U D and Ai U D, and a = 1 for ^3. 

If we set X = a^af = . . . = a„a^, we easily show that Vi, ra^x+sxa^ = 0, 

and Vi 7^ 1, ra^afa^ + safa^a^ = 0. Then : 



rs{p2 -Pi- l)ai = 



(1,1)5U(1,-1)„ : 



• A2 : 




=^ —saiaia2 = ra2 
^ (r + s)a2 = 




Pi^ra^afa^ + safa-^^) = (r + s)a;^ 
=^ P^ra^'^afa-^ + sa^^a^a^^^) = (r + s)a^'^ 
=^ P{ra^x + sxa^)a]^ = (r + 5)0^^^ 
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^ = (r + s)a^'^ 

Therefore r + s = 0. Let's show that x := a^af and i/i := afa^ are 
central elements of B. For x it is trivial : we calculate the commutator 
of X with or by writing x = a^af with i ^ k. Now clearly 
commutes with a^- and for j 7^ i. As for j = we just need to write 



1 



yi = IS - 



(3 (3 



k^i 



Now we show that C Z{B). Let m G be a monomial, and write 
m as m = bi . . .b2i, with 6j = or af. There must exists i < j such 
that bj = bf (:= J{bi)) and VA;, i < k < j , bk ^ h and 6a: 7^ ^i^- Then 
bi commutes with every 6^ s.t. i < k < j, and we can write : 

m = 61 . . . bi^ibih+i . . . bj_ibjbj+i ...b2i 
= 61 . . . k^ibi+i . . . bj_i{bibj)bj+i ...b2i 

Now bibj = bibf = x 01 i/i, thus bibf G Z{B). Consequently m = 
61 . . . . . . bj^ibj+i . . . b2i{bibt). Let m = m'ipibt), with bibf G 

Z{B) and m' G -B*^. By an easy induction, we find m G Z{B). Then 
i?'^ C Z{B) (the other inclusion is always true). As a consequence, (P3) 
cannot hold (unless 5 = 0). 

AiU BiU F : As above, we must have r + s = 0. If a + /3 7^ 0, lemma ^ 
can be used, with the help of 7 : 5 — > ?/]/ {xy — l/{a + P)), defined 
by 7(aj) = x, 'y{af) = y. If a + /3 = we have (with a = 1): 



4-2 + 2 n 

=^ a]^a^ — a^a^ = U = 
^5 = 



C : We do as in case (1, 1)^ U (1, -1)^ U C. 
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• CUD 



ra^(C) + s{C)a-^ =^ ra-^^a^ + sa^a^a^ = A(r + s)a^ (9) 

ra-^^i^D) + s{D)a^ =^ ra^afa^ + safa^^ = ji{r + s)a^ (10) 
From these two relations we get : 

J raT^ala^ + sa^Oia^^ = A(r + s)a^^ 

^ (r + s)(A - yu)ai^ = 
This shows that (r + s)(A — /i) = 0. 

— A = /i : We can use as in case C. 

— X ^ fi,r + s = then (|) and ([T0|) ^ a^^^a^^ = 0^05*^0]^ = aj'^a^^. 
Thus : 

= J2 O-i O-i O-l ■ ■ ■ Q-i-iO-i+i ■ ■ - d-n 

Therefore . . . a„ = 0, and, by induction : B = 0. 
• E2 or E'2 : On one hand rai{li) + s{li)a^ gives 



(r + s)a]^ = sPiafa-^^ + ra^^a^ + (s + r/3i)aia^a]^ (11) 
on the other hand rai{l2) + s{l2)a^ gives : 

sP2(iiO'i^ + rP20'iO'i(ii = (r + s)ai (12) 
From (ll^) we get : 



Furthermore : 



p2(^ - AdH) ^ .^x . r p2a^{ra^at + safa,) = {p2 - Pi){r + s)a^ 
(13) I /32ira^ai + saiai)a^ = (r + 5)0^ 
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Now : 



2 



1 P2(ii{raiai + safaijai — {r + 5)0^^ 

^{(32-f3i-l){r + s)a^^ = 
Then we must have (r + s)(/92 — (3i — 1) = 0. 

- /32 - /3i - 1 = : 

* P2 0, we define p : Ln ^ C , with C — K[x,y\/{xy — 
such that p(ai) = p{ai) = y, and p(aj) = p{(it) = 0, Vi > 
1 . We then see that p is well defined non-zero homomorphism 

to C. 

* (32 = (which entails r + s = 0); /3i = —1. We then have the 
presentation {a^aj — aja^,afaj' — Ojol^a^Oj — Oja^^a^al 

II ' II — 1}. We recognize the Weyl algebra An, which is a 
well known solution to our problem, with Ni — a/oj + Aj.l, 
A, ex. 

- l + /3i-/32 7^0, r + s = 

where [., .] denotes the commutator. 

* l+l3i+{n— 1)132 7^ (always true in the case E'g) : We can then 
define a homomorphism ^ from B to C = K[xi, . . . , Xr]/ {x1 — 

l+A + (n-l)^2^ by setting : ^(aj = i{at) = x,. 

* 1 + /3i + (n - l)/32 = 

(Zi) + . . . + {In) <^ (^i(^t+Pi Yl (^T^i + - 1)/52 ^ a^a^ = n 

But P2 7^ 0, (or else 1 + /3i - /32 = 0), then from (,5) we get : 
-nai...a„ = ^[ai,a+]ai...a„ 
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-na^ • • • a„ = ^{[a^, a+jfljai . . . ai„iai+i . . . a„) = 

i 

=^ tti . . . = 
And we can iterate to get 5 = 0. 

• El U C U D : From C U D, the only remaining case to study is A = /i, 
that is to say nu = {a + [3)\. Moreover (by the case P2 = 0, we 
must have r + s = 0. Then we see that we can use ^ as in the case E2, 

setting ^(aj = ^{af) = Xi, with xj = —. 

n 

• F : We have : 

+ {r[3 + sa)ajaj'aj + raa^'^a^ + s^aj'ttj'^ 
= (r/5 + sa)ajaj^aj + raa^'^a^ + sPa'j'aj'^ 

Since there always exists j such that the monomials in the last expres- 
sion are irreducible, we must have ra = s(3 = and rf3 + sa = 0, that 
entails that either r and s or a and (3 must be zero, which is impossible. 

(1, l)a U (1, — l)a : This case is quite similar to the previous one, and we leave 
it to the reader. In the case E2 we find the pseudo-boson solution. 

(l,l)cU(2,0) : 

• A3 : Let us distinguish between the different forms of S^'^'^^ 

— (a) On one hand we have dj^Oj — > 0, and on the other hand we 
find dj^Oj — (1 — P)0'j — PJ2i^j o.jofa^, which is irreducible. This 
system cannot be confiuent. 

— (b) : We can use the same argument by reducing ctjo^Oj^ in two 
different ways. 

• AiU BiU F : From {l-i)a^ and a^il^) we get a = [3. We set a to 1, 
and we define 5 : L„ — > Li = K{a,a^) by 5(aj) = a, 5{al) = a"*". 
This 6 induces a non-zero morphism from B to the Clifford algebra 
Cl(l, 1) := K{a, a~^) / {a?, a"*"^, aa^ + a+a — 1). Indeed, 5{a^al — a^a^) = 

= S{afa^ — a^ttj), 6{a^aj) = = 0, 6{ala^) = a"^^ = 0, S{a^af + 
afttj) = aa"*" + a'^a = 1. We conclude by lemma |[ 
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• i?2 '■ {h)0'2^t a^aia2a2 = Xa2a2. Moreover, aiai{l2) ^ 0^^05^0202' = 
Xttiaf. Thus OjOj*' = ajaj', which is not possible. 

• EiUCUD : From C and D we have A = /x = 0. Then nu = aX+P/i = 0, 
which is impossible. 

• F : We have aJ^i^i'iCi't^j ~ ~ ^ I^HiO'jO't '^i ~ = 0; but at 
least one one of these two expressions is irreducible. 

(l,l)fcU(2,0) : 

• C : B = (see case (1, l)^ U (1, U (2, 0)). 

• E2 : 

— (a) : We have (Oj^)Oj^^O, and on the other hand 0^(0^0^)— >-A(l — 
/?i)Oj + /3i(32l2xO'j'^jO'i + Pi/32J2jO'j'cLiO'j — (32J2j^iO'ia'^aj where I is 
the set of indices j s.t. < Oj and J' the set of all j's s.t. o^ > Oj. 
The last expression being irreducible, we come to a contradiction. 

— (b) : We do the same with a^af'^. 

— (c) : (n = 2) We have o^o^^— s>0, and also (0^0^)0^— s>^(Ao^. — 
Pia^a-aj — a-afa^). The term afa^a- may be reduced to afa^a^, 
but the whole expression cannot reduce to 0. 

— (d) : We have o^o^^— i>0 and o^Oj^^-^(A(l — J^)oj — /?2o/fljfli + 
I^OjO^o^). Confluence implies that (3i = 1, (^2 = 0. In this case, / 
is generated by the relations o^^Oi" + afai = A, 0202" + 02'02 = A, 

2 2 4-2 -1-2 ^ -L 4- -L J- ^ 

o^ = 02 = aj =02 = U, OjOj — OjOj = ajaj — ajaj = (J, 
Vi 7^ j. We can thus send B onto Cl(l, 1) by o^ 1^ o, o^ ^— o"*". 
We then use lemma §. 

• i?2 : 

— (a) : Same method as in (a) of case E2. 

— (b) or (c) : We have O^o^^^^^+^AOi,, - Ex^a^a^^ - 

with X = {z|Oj^ < Oj} and J = {i\a^^ > a-}. This contradicts 
confluence. 

• F : 
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— (a) : We can assume without loss of generality that = n, so that 
a„a:^aia„. One can then show that O'*— a„^a+^-(l — -)a„ + 

which is irreducible. 

— (b) : Symmetrical computation with a^'^a^. 

• A3 or Ai U Si U F : It is easy to show that . . . a„ = 0. In any case 
the normal form of . . . a„ looks like a^^ - ■ ■ a^^ ^ 0. Therefore, (P4) 
does not hold. 

l)a U (2, 0) : This case is similar to the previous one. 
(l,-l)bU(2,0) : 

• : By multiplying a^O]^ + PJ2iO't^i = 1 to the left by a^, we find 
(3a2a2ai — Oi, thus B — We use a similar method in cases Ai U 
A2 U D, and AiUBiLi F. 

• C or C U -D : We can assume that io = n. We have 0<— a„^a+— s>Aa„ — 
a^Qitti — ... — consequently the reduction system cannot 
be confiuent. 

• E2 : 

— n > 3 : From a-^^{li)a2 wc find a^a2 = l3ia-j^afa'j^a2, and from 
^i(^3)'^25 = (32aia,'l 0,10,2, thus 0,^^02 = 0. 

— n = 2 : In every case we can easily prove that the reduction system 
is not confiuent. 

• E'2 : Same methods as above. 

• F : Let's assume we have a reduction system of type (a) (the case (b) 
is symmetrical), and suppose io = n. We have O'*— a^a+Oi— > — aiOi^ai — 
f J2i>i O't^i^i + Q^i) which is irreducible. 

• El U C U D : \/i E C, O^aiafa^^^^^ua,^^ — (3afa^a-^^), which is irre- 
ducible, and Vi G /C, 0'^a-ata-—^^(h'a,„ — aa-a-at), irreducible too. 
Since at least one of two sets of indices is not empty, we conclude that 
the reduction system is not confluent. 

-l)aU(2,0) : 
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A2LiD, A = : If = sup{a+}, we have Q'^alaj^-^^a^—Yji^k (^t'^i'^ki 
which is irreducible. 

C oiCVJD : see (1, -l)^ U (2, 0) U C. 

: We know from proposition || that at most one of the afa^s 
is reducible. But we have 0<— Cj^a^— >(1 — [3)a^ + P'^J^jytiO'j'cLjO'i ~ 
PJ^jftiO'iO'j^cLj- Now we can choose i such that Vj 7^ i, a'j'aj is irre- 
ducible. Then if r = 0, the last expression is irreducible. If r 7^ 0, 
some of the ajO+a^s can be reduced to qa'j'a-aj, but in any case we get 
a non-zero irreducible quantity. 

Ai U Bi U F : aj(/3^i)aj- gives ttj^^aa-^^af + Pafa^Jaj 
[3a^{a^a-)ap but this is excluded. 

AiU D : We have, Vi, a^a^ai = a^a^af = ^ fia^ai 
0. A contradiction. 

E2 : 

— (a) : By reducing ai'^af in two different ways, one can prove that 
we must have r 7^ 0, /?2 = and /?i = 1 for the system to be conflu- 
ent. Thus we get {Oj^— s>0, — i>0, a^a^— s^ga^Oj, 0^0^^!— a^ajl < 
^ 7^ j < '"'} which is a confluent reduction system adapted to <„. 
Let X = {ii, . . . G [L.n]'' be a k-uple of indices. Oj will stand 
for . . . Oj^, and Uj for af^. . .af^, \1\ = k. If J = 0, we set 
a0 = aj" = 1. With these notations, the basis of irreducible mono- 
mials for our reduction system is the set of all a^aj, I and J' 
running over all possible t-uple of indices such that im 7^ im+i, 
im 7^ im+i, Vm. It is then possible to use this basis to explicitly 
calculate the commutator of an element of with an and an 

>esl|| ). Doing this, one sees that (P3) does not hold. 

— (b) : This case is symmetrical to the latter. 

— (c) : 0^a^aj.^—>J^(Aaj —/?ia^ajaj — g'ttjOja^), thus the reduction 
system is not confluent. 

— (d) : a^Oj^— >J^(A(1 — -^)ai — I32a^ajai + ^a^a'^aj). Now this 
last expression is irreducible, except for the term a^a^a^ which 
can possibly be reduced to qa^a^ay So, we must have (3i = 1 and 
/32 = and then rs 7^ 0. Indeed, if r = we have 0<— a^a+a^— i>Aa^— 



al (see 
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a^a^a^, and if s = we have 0-<— a^a^aj— >Aa^- — a^a^a^ both being 
impossible. There are two cases : 

* If a^a^ is reducible, then qaf a^^af a^^a^ ^Xa^ — a^afa^. 
Since both expressions are irreducible, we conclude that the 
system is not confluent. 

* If a^Cj is reducible, then we have a^a^a^ ^a^a^ a^-^Xa^ — 
aj'ttja^, and arrive at the same conclusion. 

• E2 : Case (b) or (c) O^—a^^'^af^^Xaig — Xl^joS'^/' which is irreducible. 

• ElUCU D : A'a^,, + f ^ «fc«'fc 0'i„^«io«*t%^^K + 
f Ejc ^io^k^k ~ ^-io^-k^-k ^^'^ only further reductions we can pos- 
sibly do are : af^a^ttj^^ (^a^a^^al and a^^ala^ QCit'^io^k- This shows 
that the two expressions cannot be reduced to a common normal form. 

• F : Let's do the case (a), the other one being symmetrical. Sup- 
pose a„ is the largest of the a/s, then 0<— a„^a+— >-a„(l — a J2i<n '^i'^t ~ 
P J2i<n (^t (^i) ■ If r = we see that confluence is impossible. And if 
r 7^ 0, we have = a„ - a Ei<n «n«i«j^ - ^/^ ^i<n (^ff^if^n ^nd we come 
to the same conclusion. 

(W)^: 

• A3 : From a^a^ = a-^^laa^ai + I3^iafa^)a^ we are led to a^a.^^ = 0. 
Thus, the presentation is not standard. The same method can be used 
for the cases AiU D, A2U D, X = and AiUBiU F. 

• C, C U D, E2, E2, El U C U D, F : These rather easy cases are left 
to the reader (it can be shown each time that the systems cannot be 
confluent). 

(1, — l)a : Let us first notice that in all cases containing A2 we have ra^a^ -|- 
sa^Oj = =^ ra^a^Oj + sXa^ = 0. Then, if r = 0, = 0, and (Pq) is not 
fulfilled. So r 7^ 0, and a^aj^ must be reducible. 

• A2 : According the remark, we must have r 7^ 0. Then we see that 
5" = {a^a^— a^a^— >-ga+aj|i 7^ j} is confluent (there are no ambi- 
guities) and adapted to <„. The basis of irreducible monomials is 
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T := {ajaj\X, J run over all tuples of indices}. If we write p for the 
projection on W =Span(T) in the direction of J, then ])[x) =nf(a:). If 
the lenghts of X and J are at least 2, and if n belongs to J , we have 
^([0^0^,0+]) = (f-^a^aji — a^a^aj, where nj is the number of a^'s 
in a J that are to the right of the a„ which is the most to the right, 
and J' = J where the n the most to the right has been left out. If n 
does not appear in J , p{[ajaj, a+]) = g'^'aja+aj — a^ajttj. In both 
cases, if X 7^ (n, ...,n), we have \m{p{[aj a j , a^])) = a^a^aj- Now 
ii a^dj € L° , X = (n, . . . , n) =^ J = (n, . . . , n) , then if aja j E 
we always have lm(p([ajaj', a+])) = a'^a^aj. Let Ni be a represen- 
tative of A^^i in W , and let a^aj be the leading term of A^^i. Then 
we see that a'^a^aj is bigger than any other term of p([iVi,a+]), thus 
lm(p([A'^i, a+])) = a^ajaj, which proves that (P3) does not hold. 

A2 U Bi, A2 U B2 : As before, we have r 7^ 0. For i 7^ zq, we get 
«i = {aiat)ai = ai{a+aj = qaf^a^ai^. Then - qai^a^tti^ = 0, which 
is irreducible. 

A2U D : It can readily be seen that we need X = fi and g = in order 
to have a confluent system. In this case, an argument like the one we 
used in case A2 allows us to prove that (P3) is not satisfied. 



A 



3 • 

- If r 7^ : S = {a^af^l — /3J2o-^o,j,o.iO'j^^(lo,^0'S j} is 
confluent and adapted to <„ (no ambiguities). Using the basis 
T = {a^aj} it can be shown that (P3) does not hold (see ||Besl|] ). 

— si r = : Let's look at the two possible reduction systems : 

* (a) : we have O^a^a^a^^— — PJ^iO't^i^i^ ^^"^ there is no 
confluence. 

* (b) : For i 7^ iq, O^a^af a^^^a^^af^a^^, which is irreducible. 
AiUBiUF : 



(a) We have a^^a+a^ ^ diaff^i - ««i«io«iI;)- The term on 



1 

the left may be reducible to q'ttigd^af^. In any case, the ambiguity 
is not solvable. 
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— (b) : With i^iowe have ^(a^ - /3a,^a^^aJ ^ a^a+a^ ^ 
We conclude as before. 

AiUD : If djCijo is reducible then qa^^a^a^^ ^ a^a^^^a^^ — > ai—J2j^jo(^i(it'^j- 
Now these two expressions cannot be reduced to a common form, so 
Vi 7^ jo, didjQ is irreducible. Consequently aj'^a^^ is reducible. 

— If n > 3, or n = 2 and io — jo, we can take i ^ io,jo- We have 

q'aiapit ^ a+a,.a,+ (^t%Mo- Then if io 7^ jo, atvZ ^ 
^'^io^to^Z ^^'-^ reduction system is not confluent. If io = jo, 
(^t^^io^t (^t - Ej^io^S'^J' irreducible. 
We leave the case n — 2 and io io to the reader (the system is 
not confluent). 

C : As in case (1, l)c U (1, —1)6 the homomorphism can be defined 
and used to rule out this case. 

CUD : 

— If 3A; 7^ Jo such that afcOjp is reducible, then qaj^a^^aj^^—af^Oj^^aj^^^ 

fJ'a,k-qY.jeic<^t<^k<^j-T.jec<^k<^t(^j-(^k(ik(^k,'^^^^>^ = {J 7^ JoWaj' 
reducible}, and £ = {j 7^ jokfc'^/i^^^ducible}. We see that the 

expression is irreducible if A; 7^ io. If /c = io, it can be reduced 

to {n - X)a^ - qEjGicat(^k(^j " Eje/; + Eje/C' Sa/^fc + 

Sje£' ctjQ^feCt/- Therefore we must have /i — X. But in this 
case we can use 0, as in case (C), and (P3) is not satisfied. Thus 
wc must have V/c 7^ jo, QfeOjo is irreducible, which entails a'j'^a^. is 
reducible. 

— If 3A; 7^ io such that a^a^ is reducible, we can reduce ai^ai^ak 
two different ways, and come to a contradiction. 

— If n > 2, or n = 2 and io = jo- 
Let k 7^ io,Jo, then q'a^Oj^al^'^aj^a^al^^^qa^^al^a^. Since these 
two expressions are irreducible, this case is ruled out. 

— n = 2, io = 1, jo = 2. We leave this case to the reader (reduce 
02 02^1^ two different ways). 

E2 or E'^ 
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— U r ^ 0, S = {a^af^l — Piafa^ — a^aj^qajaj\i 7^ j) 
is confluent and adapted to <„. T = {a^aj} is the corresponding 
basis of irreducible monomials. By using the same method as in 
case ^3, we find that (P3) does not hold. 

— If r = 0, S* = {afttj-^O, a^a^^l — aia^al — J2k^j (^k'^t} is con- 
fluent and adapted to <„. The corresponding basis is T = {a-jOj}. 
If I does not begin with ra, we have [%a.J, o,^] = a-j-OjO^. More- 
over, Ka2:aJ,a+] = a^a^a^a+-aJa^+ala^a^aJa^+a2T.i<n(^iO'tH(^J■ 
T\ms we see that if I does not begin with n, lm([a^ajaj, a+]) = 

and we get by induction : if X 7^ (n, . . . , n), lm( [a^a^ai^, 
<]) = an%«>n' and K''a+^a+] = (1 - {-lfa\)aJ'a+^^^+u, 
withw < a^^a+^^^. Then if Im(A^i) ^ a„'=a+^ lm([A^i,a+]) =lm(A^i)a+, 
which is irreducible : a contradiction. And if Im(A'^i) = a^'^a^'', 
we show that lm([A''i, aj'"^]) = a^^a^'^af^ , which is irreducible as 
well. Thus (P3) cannot hold. 

• EiUCUD : 

— r = 0: If i E C, = a^afa^ = ^{i^cij — Pafa^aj), contradiction. 
Thus £ = 0. But now, with j 7^ i^, a^^af^^a^ = Xcij — J2j^io'^iO't(^j = 
\a- — ttja^aj, which also contradicts the confluence. 

— s = : Symmetrical case. 

— rs 7^ : We have a^^ > a^, Vj G C, and > a^, Vj G /C. The 
reader can then easily verify that afo^^i^^^^^ can be reduced in two 
different ways which lead to distinct irreducible expressions. 



— a ^ —(3 : We define an homomorphism : ® K[xi,yi\/ {{xiUi — 
^^}), and we use lemma |^. 

— a = —[3 : Suppose a = 1. We have o-i^t ~ '-'t'^i = 1 

If r = then a-afa^^—J^j cija-a^ = a^, and J2j (^jO'^ —O'iot^i = 
But both expressions are irreducible. This is impossible. 
Now if r 7^ 0, 5* = {a^a^^l+Y, at<^i~Y.i<n a^a^ ^qa - aj\i 7^ 
j} is confluent and adapted to <„. The basis T is made of monomi- 
als of the form a^^aj^a^^af^aj^aj^a^^al^ . . ., with ii,i2, ■ ■ - ^ n. If t 
is such a monomial we have [t, a^] = ^x^aj^ ■ ■ ■ {o,i.o,t-) ■ ■ ■ ^jj.c^j-j.'^n ~ 
at^ii^ji ■ ■ ■ Set t =\m{Ni). 
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* If if: = a'j'u, j 7^ n, then lm(p([t, a^])) = a^t, thus (P3) does 
not hold. 

* li t = a^u, then lm(p([t, a„])) = a„_j^a^_;^M, (P3) does not 
hold. 

* If t = a^-u, lm(p([)f:, a^])) = a„t, (P3) does not hold. 
l)c : This case is rather easy, and we only state the results. 

• Aa, ^3 U Bi, Ai U D, and ^2 U : It is easily shown that a^^ = 0, but 
since a^^ is irreducible, this contradicts (P4). 

• C : Use the same as in case (1, l)c U (1, — l)^. 

• C U D : If A = yU, we can do the same as above. If A 7^ yU, it can be 
shown that a^^ = 0. 

• E2, E'2, F, EiUCUD : (P4) does not hold. 
1).: 

• A2, A2 U Pi, U P2 : Let : P ^ C, C := ir[a;, y]/{xy - 1), be the 
only homomorphism such that (f){aj) = x, (piaf) = y. </> is clearly well 
defined and we conclude by lemma 

• ^2 U P : With io = n, we have Aa„ <— a,^a^a,^ — >• /ia„ + Y,i<n '^n'^t'^i- 
Thus (P4) cannot hold. 

• ^3 : 

— (3 ^ —1/n : As in A2 we can define (p : B ^ C := K[x,y]/ {xy — 
1/(1 + n/5)). 

- f3 = -l/n : We define : P = ir(a, a+)/(aa+ - a+a - 1) 
by setting (f){a^) = a, (t){af) = a"*". We then use lemma |[ 

• U Pi U P : Same method as above. 

• Ai U P : We send P to K[x, y]/ {xy — 1/n) by x, af y, and we 
use lemma ^. 

• C : Here we send P to 0ji^'[xj, ?/j]/(a;j?/j — 1), as in case (1, l)cU(l, — l)fe. 
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• CUD : We are going to show that (P3) does not hold if n = 2. We will 
then be able to deduce that (P3) never holds with the help of lemma 
H, since the projection L„ L2 goes over to the quotient. 

S = {ttittf^X — a2a2 , at (^2~* ~ afai,aia2^a2ai,a2ai^aia2} is 
confluent (no ambiguity) and adapted to the deglex ordering com- 
ing from a2 < CLi < af < at ■ The corresponding basis is T = 
{aa'^'fli" ^ . . . ag'^'a^^ "a^'^^at"'^ . . . a^^'^a^""}, with /cj, rrii, rii > 0. 
Let X G T n l!2'^\ X ^ 1. Then x begins with an or an at, and 
ends with an a^ or an at ., therefore xat is reducible, meanwhile atx 
is irreducible. Moreover atx > xat, so \m{p{[Ni,at])) = ai'lm(A^i). 
This is absurd : (P3) cannot hold. 

• E2 or E2 : This case looks like ^3. We have to use different kinds of 
morphisms depending on whether /3i + (n — l)/32 + 1 vanishes or not. 
We leave the details to the reader. 

• El U C U D : Let's deal with the case /C 7^ 0, the case £ 7^ being 
symmetrical. Let i be such that a^ =min{aj|l < j < n}. We must 
have i ^ i^. We get a+a^a^^^ata-^ai^fi'ai - Y.c ajf^fij + f a^a+a^ 
and this contradicts (Pt). 

• F : Quotienting out by the ideal generated by a^at — \i and ata^ — 
A2, with Ai + A2 = A 7^ 0, we are brought back to case C U D, and we 
conclude by lemma |^. 

(M)a : 

• A2, A2 U Pi, A2 U B2 : Let i,j be s.t. a^ > a-. Then —a-a^at <— 
a^a-at — > a^ and (P4) cannot hold. 

• ^2 U P : We have Aa-^ ^ vt^io ^ ~ ^^y^'o «io«»^«i and (P4) 
cannot hold. 

• AiUD : We define 6 : B ^ C\{n, 0) := K{xi, . . . , Xn) / (xiXj + XjXi — Sij) 
by = ^lai") = -^^^j, we then use lemma ^ 

• ^3 : 

— (a) : Suppose that a^ is the sup of the a^'s, and choose j 7^ i. We 
find : -a^a^at ^ a^a^at (l-/?)^^ + l^'^Y.at^^kO'i- I^T^k^iaiata^. 
This contradicts (P4). 
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— (b) : If n > 3, let i,j ^ Iq be s.t. a- < a-. Then —a^a^af^a-a-af^ 
—a^^a-af^, which contradicts (-P4). If n = 2, one can easily show 
that zo 7^ jo leads to a contradiction. We can then assume that 
^0 = jo = 2. If we define < by 03 < fli < < a^, we see 
that S = {a]^a2— > — 0.2(^11 at^^i^ ~ (^i^^t^ a^aj*"— ^0202", a2'a2— >A — 
aa2a2 — aia^} is confluent and adapted to <. 
T = {a2^^af' . . . a^'^af'' a^'^^af"^ . . . Oi^^a^"'}. We proceed ex- 
actly as in case (1, 1);, U C U D. 

• Ai U -Bi U F : It can easily be shown that neither the system (a) nor 
the system (b) is confluent. 

• C OY C\^ D : We do as in case (1, 1)^. 

• E2 or E'2 : Once again, if > 3, we can easily show that (P4) does not 
hold. If n = 2, we find a confluent reduction system, and we show that 
(P3) does not hold. 

• El U C U D : See (1, 1)^ ((P4) does not hold). 

• F : See (1, 1)^ ((P3) does not hold). 

This is the end of the demonstration for the case n > 2. Let us know look 
at the case n = 1. 

The only relations we can have are : (2,0), (A2), (-B2), and (P) (by lemma 
0). 

(2,0) : 

• A2 : 0^0+ = = a^P = 

• B2 '■ Symmetrical to the above case. 

• F : Multiplying aaa^ + /Ja+a = 1 to the right, then to the left by a 
we get a = and we recongnize the Clifford algebra C\ which is a 
solution to our problem. 

A2 or P2 : We can send P to C = K\x^y\j l^xy — 1), by a non-zero isomor- 
phism, and we conclude by lemma ^ 

P : If a + /5 7^ 0, we can send B to K\x, y]/ {xy — (l/a + /5)) and use lemma 
i 

If /5 = —a, we find the Weyl algebra Ai, which is the bosonic solution. 

QED. 
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5 Number Operator Algebras of Infinite Type 

5.1 The Classification Theorem 

Theorem 2 Let a be an infinite cardinal number and let B = La/ 1 be a 
symmetric n.o.a. of quadratic presentation, i.e. I satisfies the following 
properties 

{Po)I^La,I^{X). 

(Pi) J{l) c /. 

(P2) VaG5,, a*(/)c/. 

(P3) Vi G la, 3iVi s.t. (|7p and (§; hold. 

(P4) ; / is generated by elements of degree two or less. 

Then there exists h & R \ {0} such that I is generated by one of the following 
sets : 

(a) {a-^, af'^, a^a^ + a^a^, afaj' + a^af , a^a^ + a'^a^, a^af + a^a^ — h\i j} 

(a') {a-^, af'^, a^a^ - a^a^, afa'^ - a'^af, a^a'^ - a^^a^, a^af + afa^ - h\i ^ j} 
(c) {a^aj — a^a^, afa'j' — a^af, a^a'j' — a'j'a^, a^af — afa^ — h\i 7^ j} 
(c') {a-aj + a^a-, afa'j + a+a+, a-a^ + a+a-, a^af - afa- - h\i ^ j} 

The algebras of case (a) (resp. (a'), (c), (c')) are called fermionic (resp. 
pseudo-fermionic, bosonic, pseudo-bosonic) algebras, and are denoted by Ca 
(resp. Ca, Aa, Aa)- 

5.2 The Lemmas 

The lemmas 1, 2, 4, 5, 6, 7, and 8 are valid both in the finite and infinite 
cases. 

Due to the action of the symmetric group, the terms with a sum cannot 
survive in the infinite case, or else the sum should be infinite, which is mean- 
ingless in our purely algebraic setting. For this reason, the lemma 10 gets 
replaced by : 

Lemma 12 // / fulfils (Pq), (Pi), {P2), (P3) one? (P4) then it is generated 
by a union of sets, each being of one of the forms (with a, P, X, r, s E R) : 

• (2,0) .■ {a,\af\ieXa} 
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• (1, l)a •■ {OjOj + OjOj, afO't + at^tlhj &^a,i¥' j} 

• (1, l)b : {ajOj — djCii, afoj — aj'af\i,j G X^, i ^ j} 

• (1, l)c •■ {ajOj, atdjlij e ^a, « ^ j} 

• •■ Wia+ + sa^aji,i e2a,i7^i}; (r,s) ^ (0,0), r,se R. 

• (1,-1)6 •■ {a,a+,a+aji, j G J„,i^j} 

• Ai : {a^af - a^ajlij elc,i> j} 

• A2 : {a^af - \\i G X^} 

• E : {aafif + Pafa^ — X\i G Xq} 

• El : {aia^a^ - 0^0+) + Piafa^ - a^aj)\i,j ela,iy^ j} 

and the forms Bi, symmetric to Ai, A2, by the exchange of and af . 

Wc must combine these different sets of generators to enumerate all possible 
presentations. The equivalent of the proposition 1 is the following : 

Proposition 4 If I fulfils (Pq), (Pi), {P2), (-P3) and (P4) then there exists 
a presentation R of I, of the form R = U R^^'^^ U R^^''^^ U R^^'°\ such 
that : 

• i?(2.o) = (2,0) or the empty set. 

• = (1,1), or (l,l)fe or (l,l)e or0. 

• = (1,-1)„ or (1,-1)6 or0. 

and is one of the following sets : 

A2 = {a^af — X\i e Xa} 

A2U Bi = {a^al - A, aja^ - a'^a^lij G Ia,j > 0} 
A2U B2 = {a^af — A, afa^ — A|i G la} 
E — {a^af + Pafa^ — X\i G la} 

AiU BiU E — {a^a^ — a^aQ, afa^ — UqUq, QqUq + PuqUq — X\i > 0} 

as well as B2, B2L} Bi. In each case X and (5 are non-zero, and belong to R. 
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5.3 Sketch of Proof of Theorem 2 



We define a well-ordering < on X by < af < aj ^ i < j and 

< Qj for all i,j G Xq. We call the deglex-ordering defined by <. 

As we did in the finite case, we can easily get rid of the ideals that contain 

relations (1, l)c, (1, — or (2,0), on the one hand, and A2, on the other 
hand. Furthermore, the relations (2, 0) together with E or AiU BiU E imply 
/3 = 1, as is easily seen by multiplying GqUq + /3ao Oq = 1 on the left, then on 
the right, by a^. 

(1, l)c U (1, —l)b U (2, 0) : The only case to study is E. If we multiply the 
relation E on the left by a^, with i 7^ j, we get Aa^- = 0. Thus B — 0, in 
contradiction with (Po)- 

(l,l)„or6U(l,-l)6U(2,0) : 

• E OT Ai U Bi U E : Let us multiply a^a^ + ^a'^ttf. = A on the left by 

and on the right by a^, with i,j, k distinct. We get 0^0^- = 0, and we 
are back to the previous case. 

(l,l)eU(l,-l)aU(2,0) : 

• E, EU AiU Bi : We have rs = (see the finite case F). Now if s = 0, 
we see that Aoj = Oja^a^ + Pa^aj'ttj vanishes if i 7^ j. The case r — 
is symmetrical. 

(l,l)„U(l,-l)aU(2,0) : 

• E: We have (with i,j,k distinct) : 

Xra^Oj — r{a^ai,a'^a'j + Pa^a'^ai^a'j) — sXa^a^ 

=4* (r — s)a^aj = 

If OjC^ = 0, we easily find that B = 0, thus we can assume r — s = 0. 
We also have : 

r Xa. = a^^al + /3a^a+a^ = /3a^a+a^ 
1 Xa^ = a^afa^ + (Safa^^ = a^afa^ 

So /3 = 1 by {Pq). Thus is a fermionic algebra Ca- 

• EU AiU Bi'. Thanks to the previous case we have r — s = and (3 — 1. 
We let the reader use the relations Ai and Bi to show that B — Q. 
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(1, l)b U (1, — l)a U (2, 0) : This case is similar to the preceding one, except 
that we find pseudo-fermionic instead of fermionic algebras. 

(l,l)cU (1,-1)6 : We can do as in case (1, l)c U (1, -l)^ U (2, 0). 

(1, l)a or b U (1, —1)6 ■ We must have a^a^- — (see the finite case). 

(l,l)eU(l,-l)a" ^ 

• E : We have : ra^a^ = r{aj^a^a'J^a'j' + Pa^a^a^a^) — —sPa^a'^a'j'a^ — 0. 
It entails that sa^a^ = 0. If a^a^ = 0, wc get Xa^ — Qj^aja'^ + Puj^a'j'aj — 
0, thus B — 0. This is the same if a^a^ = 0. 

(1.1),U(1.-1),, : 

• /I2, ^2 U 5i, /I2 U ^2 : If r + s 7^ 0, we find 5 = (see the finite case). 
If r + s = 0, we define 6 : B ^ C :^ K[{xi)i^i^, iyi)i&ij/ {xiVi - 1) by 
Oj I— > Xi and af ^ i/i. Thus (P3) cannot hold, by lemma 5. 

• E : According to the finite case, wc must have r + s = 0. 

— If /? + 1 = : We find a bosonic algebra A^- 

- If /9 + 1 7^ : We can non-trivially map B onto K[{xi)i^iJ/ 
(xf — 1/(1 + /9)) by a^,af Xi. Thus (P3) cannot hold. 

• E \J AiL) Bi : Of course we must also have r + s = Q. If /? + 1 = 0, 
we have a quotient of a bosonic (Weyl) algebra, which is simple. Thus 
5 = 0. If /5 + 1 7^ 0, one shows that Z{B) = B^ (see the finite case). 
Thus (P3) cannot hold. 

(1,1)„U(1,-1)„ : 

• A2, etc. . . : If r = we have a^afa^ = = B — 0. So r 7^ 0, and 
we have : 

0^-0^0+ = -qa^alaj 
aj = -qa^ 

Thus g = — 1 or else B — 0. Now, we can define (f) : B ^ C, with 
C = K {{xi)i^j^) / {xiXj + XjXi — 25ij), by a^, af 1— > Xj, and we conclude 
by lemma 7. 
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• E : r — ^ — a^afttj + (3afa^a^ = — ^afaja^^ — ^ B — 0. 
We can then assume r ^ 0. We have : 

djiaittf + pafa^) = a- 
(1 + q)aj = 

Therefore q — —l. 

2 

- /5 ^ -1 : We define (p : B ^ K{{xi)i^iJ /{xiXj + XjXi - ^ ^ij)- 
We conclude as in case A2. 

— (3 — —1 : We have a pseudo-bosonic algebra A^- 

• E\J Ai\J Bi : One can easily show that r — s and 1 + /3 7^ 0. We can 
then map B onto C — K{xi\i e 2^) / {xiXj-\-XjXi — 25ij) and use lemma 
7. 

(1, l)c U (2, 0) : The only case to study is E. In this case B — (see (1, l)cU 
(1, -1)6 U (2,0)). 

(l,l)„orbU(2,0) : 

• E:Aswe said at the beginning of this section, we have P — 1. There- 
fore, we can define : S — > Ci := K{a, a^) /{a^^ a+^, aa+ + a+a — 1), 
by setting 1— > a, 1— > a"*". We then use lemma 8. 

• E 1} All} Bi : a^Gj = a^{a^al^ + /3aj'aj)aj = 0, so we are back to the 
case (1, l)c. 

(l,-l)fcU(2,0) : 

• E or E U Ai U Bi : (3 = 1, and ii i ^ k ^ j, a^{a^a^ + a^ajjuj = 
Xttj^ttj = 0, and we are back to a previous case. 

(1,-1),U(2,0) : 

• £■ : /3 = 1. We can assume r 7^ 0, the case s 7^ being symmetri- 
cal. S = {a^a^^l — Oi^Oj, Oj^— >0, ^0, a^a^^qa'j'aj} is a confiuent 

reduction system, which is adapted to <„. Let J' = (ji,...,Jr) and 
AT = {ki, . . . ,ks) be two tuples of indices. We write Oj = a^_^ . . . a^^ and 
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= ttki ■ ■ -Ciks- By convention, a0 = aj" = 1. With these notations, 
the basis of irreducible monomials is T = with J', /C running 

over all tuples such that jm 7^ jm+i, km 7^ km+i- The notation k > J 
shall mean that k is greater than all indices appearing in J . So let 
k> J,}C. We have : 

[aj-a^, a^j] = ajaj^a,^ — a^.ajaj^ 

Then if lm{Ni)=ajaj^, we see that for k big enough : lm([A^j,a^]) = 
ajtti^ai^, which is different from — a^^. and from 0. Thus (P3) cannot 
hold. 

EUAiUBi-.We have : 

Xa^aj = ai(ao«o" + Paoao)aj 

=^ OjO^- = 

1).: 

U Ai U i?i : With k ^ i ^ I, we have af^^a^af + (3afa^)ai = 0. 

A2 : If r = then B = (see (1, -1)„ U (1, 1)„). If r ^ then S = 
{a^al^l,a^aj'~^qaj'a^} is confluent and adapted to <„. T = {oj^a^}, 
where ^7 and /C run over all tuples of indices, is the corresponding basis, 
and if A; > JT", /C we have : [0^-%,%] = cijO'Ki'^k ~ Thus, 
we see that (P3) does not hold, as in case (1, — l)a U (2, 0) U E. 

A2U Bi, A2U B2 : r 7^ by the above. We have, with i j : 

=^ aj{afai)a'j' = q^al a,ja!j = q^a^a^ = 1 
therefore q'^a^a^a^ = q^a^ = a^, thus = 1 or else B = 0. 

— If g = 1 : We define (f) : B —>■ K[x,y]/ {xy — 1), by 0(aj) = x, 
(f){af) — y. We then use lemma 4. 
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- If g = -1 : We define (p : B ^ K{{xi)i^xJ/ {xiXj + XjXi - 2Sij), 
and we use lemma 7. 

E : We can assume r 7^ (the case s 7^ is symmetrical). 5* = 
{a^af^l — [3ala^,a^aj—*qaja^\ is confluent and adapted to <„, and 
T = {ajOy^}. We find [a^ay^, a^] = q^'^^Ojolaf^^ — a'^^aj-a/^, and we can 
do as above. 

E U AiU Bi : Let us assume r 7^ 0, the case s = being symmetrical. 
We have : 

(a.a+)ai = aMtai) 
^ Oj — /^a^aQOj = a-a^ttQ = qa^a-a^ 
^ o-fit - pa^ttQa^af = qa^a^a^^af 
^ 1 — /5aQ — /Joq ao(l — /^Oq cto) = Q'^^^o (1 ~ P'^o'^o)% 



1 + {-2(3 - g^)a([ao + /^^Og (1 - /Jag ao)ao = -/ 



2+2 2 



^ 1 + 2/? - g')a+ao + + /?g')a+ = (13) 

Now we can define an homomorphism from the Weyl algebra Ai : = 
K{a,a'^) /{aa'^ — a'^a — 1) to B by 0(a) = Oq, and 0(a"'") = a^. Since 
y4i is simple, either = or is injective. But from ([T3|), Ker(0) 7^ 0. 
Then = 0, therefore 5 = 0. 



(l,l)c: 



• E, E U Ai U Bi : With j 7^ i, we have a^^a^al + Pafa-)aj =^ a^-^ = 0, 
and we find already studied. 

(M). : 

• ^2, etc... : We define : i? — K[x,y]/ {xy — 1) by 0(aj) = x, 
4>{af) = y, and we use lemma 5. 

• E or EU AiU Bi : 

- /3 ^ -1 : We define 0:5^ y]/{xy - 1/(1 + /?)) 

— P = —1 : We define ip : B ^ Ai, by '0(aj) = a, '0(0^') = a+, and 
we use lemma 8. 

(l,l)a: 
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A2, etc. . . : We define (j) : B ^ K{{xi)i(zx^) / {xiXj + XjXi — 2Sij), as in 
case (1, l)a U (1, -l)a. 

E : 

— P ^ —1 : We define as in case (1, !)„ U (1, — l)a- 

— P = —1 : We quotient out B by the ideal generated by a^^a^ — a^aQ 
and afa^ — o^Oq, we thus obtain the algebra B' of case E U AiU 
Bi. Now this algebra is non-zero and does not contain number 
operators (see below), so neither does B. 

EUAiUBi'. If /3 7^ —1 we do as above. If /5 = 1 we see that the reduc- 
tion system 5*0 = {a^af^l + a^aQ, a^a^-^ag Oq, a^a^—^ — a^a-, a^af^ — 
afa'j'\i,j G Xq,,z < j}, adapted to <„ is not confluent. Let us call 
S the confluent reduction system that we get from 5*0 by the non- 
commutative Buchberger algorithm (i.e. we inductively reduce ev- 



ery ambiguity. See ||Berg|| , |pjfn|| or [[Beslj for details on this algo- 



rithm). After three iterations (this can be calculated by hand, or 
preferably with a computer program, such as bergman, available at 
|http: / /www.matematik.su.se/research/bergman/l , or the one in ||Besl 



available at |http: / /perso.wanadoo.fr/fabien.besnard/| ), one sees that 



Vi, j, k, aidjOk and a^a^a{^ are reducible with respect to S (all the de- 



tails are in Pesl|| ). 

Now let T be the basis of irreducible monomials corresponding to 
and let x belong to ;= g -B| Vi G Xq,, [A^j, x] = 0}. According 

to what we have just said, x is of the form : 

- (1) < • • • <Si<+i • • • • • • Sv+.' 

- (2) a-^a^^ . . . ai^a^^, or 

- (3) a^ajj . . . c^jj^O'i^ 

In each case, the tuple of indices i and the tuple of indices j are equal 
up to the order. 

Since for all i,j,k, a^a^al and a^a^a^ are reducible, one can see that 
the three cases reduce to : X — QiQ QjQ . Thus : 

= {a+'ao'^IA; G N} 
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As a consequence, we find that Vi, j, Ni e 5(o,- -,o) jg stable under the 
action of the transposition automorphism r^* . Now : 

^ a+ = 

Thus (P3) cannot hold. We must now prove that B ^ 0. 

We first note that the algebra A, generated by the ^{S and ^^^s, satis- 
tying + = it^t + ^t^t = 0, for i ^ j, and = = 1, 
is non-zero (we can for instance quotient it by the ideal generated by 
the Ci~Ct^ thus obtaining a Clifford algebra which is clearly non-zero). 
Let us then consider Bi := Ai, and set := (g) a, bf := a"*". 
We have, for i ^ j : 

b,bj + bjb, = Ci^,- ® + = (CiCj + = 

bfbj + 6+6+ = ere; ® + ® = (e+e; + e;e;) ® = o 

6+6, - 6+6^. = (e+ej (H) a+a - (e+e,) ® a+a = 1 ® a+a - 1 ® a+a = 
6,6+ - 6^.6+ = (C,C+) aa+ - (e.^/) aa+ = 1 ® aa+ - 1 ® aa+ = 
and : 

6,6+ -6+6, = (eiC+)®aa+-(e+ej®a+a = l®(aa+-a+a) = 1®1 = 1 

We thus see that B can be non-trivialy mapped to Bi by ip{a^) '■— 6, 
and ip{af) = bf, which proves that B ^ 0. 



(2,0) : 

• E or E Li Ai \J Bi : We already know that P — 1. We can thus define 
as in case (1, !)& U (2, 0). 

: In each sub-case, we can define an homomorphism as in one of the cases 
above. 

• A2, etc. . . : B^ K[x, y]/{xy - 1) 

• E, EU AiU Bi 

- (3^-1: B^K[x,y]/{xy-l/{l + (5)) 

- (3 = -l: B^Ai 
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So we see that the only possibiUties were (pscudo)-fcrmions and (pscudo)- 
bosons, that wc have respectively found in cases (1, !)„ or 6^(1, — l)aU(2, 0)U 
E, and (l,l)„or bU (l,-l)aUE. 

6 Topological Number Operator Algebras 

6.1 Definitions 

In order to emcompass the case of g-bosons, we must relax the conditions we 
impose on number operator algebras so as to let the number operators belong 
to some completion of the algebra. We are led to the following definition : 

Definition 7 Let B be a non-trivial K -algebra. Let = {o-Ji G la} o,nd 
Xa+ = {af\i G la} be 2 sets of distinct elements of B. Let Vn := -BX^ be 
the left ideal of B generated by X\ and let B := lim B/Vn- If the following 

n6N* 

conditions hold : 
(H,) : n K = {0} 

neN* 

(H2) : V6 e X^, Vn G N, 3A^ e N such that C K 

then the canonical morphism B^B is an embedding of algebras. If, in addi- 
tion to this, we have : 

(i) B is generated by Xa U Xa+ as an algebra. 

(a) One uniquely defines an anti-involution J on B by setting J{aj) — a^. 
(Hi) For all i & la, there exists Ni & B such that for all j G la '■ 

[Ni,aj] = -5ija^ (14) 

[Ni,a+\^5ija+ (15) 

then {B.iXa-iXa+-i {Ni)i^Xa) is called a topological number operator algebra, 
and B is the completion of B for the topology generated by the neighbourhoods 
Vn of the origin. 

In order for this definition to make sense, we must prove a few things. First, 
since the T4's are left ideals of B satisfying Vm C Vn whenever m > n they 
form a projective system of left ideals and i? is a left i?-module. We also 
know that they form a basis of neighbourhoods of zero of a topology for which 
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the sum and the left muhtphcation arc continuous. The property (Hi) shows 
that the canonical map is into and that the topology is separated. We still 
have to show that the multiplication is a continuous mapping from B x B 
to B. For this, it is easy to see that we only need to show the continuity of 
right multiplication. This is assured by the property {H2) for multiplication 
by elements of Xa+- Since it is obviously true for elements of Xa, we can 
show that it is true for any monomial, and then for any element of B. 
With this definition we can expect the elements of B to be expressed as 
normal ordered series, that is to say with the creations to the left. 
In the next lemmas, S is a topological n.o.a. 

Lemma 13 Let So — {0} and VA; e N*, D -S'fc.i a subspace of B sup- 
plementary to 14. Then B is isomorphic to the set of power series of the 
type 

S = with Uk e Sk+i n Vk 

feeN 

endowed with the obvious laws. 
Proof : 

Let us define the natural projections iTk B ^ B/Vk, and TTfcj : B/Vk — > 
B/Vj, for j < k. Every ,x G S is given by a scqTicncc {xk)ke'N* such that 
Xk € B/Vk and Vj < k, Hkjixk) = Xj. Let Sk be the linear section of tt^ 
associated with Sk- We set Uk = Sk+i{xk+i) — Sk{xk), and S{x) = J2keN'<J'k- 
Conversely if 5" = J2k "^k we set Xk = T^kiJl^Zl Uj). 

In it trivial to verify that we have defined two linear maps, inverse to each 
other. Indeed, the lemma is just a restatement of the definition of the pro- 
jective limit, with in addition the condition {H2) assuring that the product 
of two series is well defined. QED. 

Remark : If it happens that Vn = Ki+i for some n, then = for every 
m> n. We have Sm = Sn and the series are just finite sums. Thus, in this 
case B is embedded in B. Prom (Hi) we finally get B — B, and Vn — {0}. 
Let us see now a particular case. 

Lemma 14 SetT — {a^ . . . al^dj^ ■ ■ ■ I > 0} andTi = {a^ . . . af^aj-^ ■ ■ ■ cijj/c > 
0}. Suppose that T generates B as a K -space. Then there exist Tq C Tq, 
T[ G Ti, ... such that for all k, Tq U . . . IJT(, is a basis of B /Vk+i. 
Moreover, every x & B can be written in a unique way : 

00 

^^Y^Yl Kit 

1=0 teTl 
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with the condition that V/, the set {t G T/|Af_i 7^ 0} is finite. 
Proof : 

Since Vk = BX\ and T is a generating family for B, we have Vk =Span{T, |j > 
k}. We choose for Tq C Tq a basis of B /Vi. Then we choose T[ so that Tg U T[ 
is a basis of -B/V2, and so on. Then we set 5*^ =Span{Tj|j < k} and apply 
the previous lemma. QED. 

Remark : It is not assumed that T' = IJneN is a basis oi B. In fact this 
assumption implies {Hi) and seems to be strictly stronger. 

Of course a topological n.o.a. B is Z-^"-graded, and so will be its completion 
B. For every n G 7?" , we write B^ = {x G B\\/i G Xq [A^i, x] = n{i)x}. 

Lemma 15 Let n G T?" . Then Vx G -B", 3(xfc) G -B'^* such that for all k 
Xk G B^ and x = lim^Xfe. 

Proof : 

Let B' := 0pez^«,p^n Vfc G N*, 32;^ G E such that x - Zk e Vk. Now 
-Zfc = a^fe + Vk with Xfc G 5" and i/k G -B'. Since Vk is stable under ad(A''i) for 
all i, we have x — Xk E Vk and G V^. QED. 

To give another motivation for the definition let us introduce a new kind 
of algebra, that would seem more natural in a physicist's point of view : 

Definition 8 Let B be a non-trivial K-algebra satisfying [i) and {ii) of 
definition [^. Let us call F the left module F = B/BVi and let us define 
p : B—>-End{F) such that p{x){u) = x.u. If the following properties are 
satisfied : 

(a) Ker{p) = {0}. 

(b) F is generated by the monoid as a K -space. 

(c) \fi G la, 3iVi G End(F) s.t. 

[N,,pia^)] = -Si,pia^) (16) 

[N„piaj)] = 5,,pial) (17) 

(d) Ni{\l)) = 0, where |1) = l[Vi]. 

then {B, Xa, Xa_+, {Ni)i^x^) is called a Fock algebra and we call p the Fock 
representation of B. 
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Thanks to ( [T^ ) and (0), a Fock algebra is graded in exactly the same way as 
a n.o.a., and we can define and the i-numbers for i-homogenous elements. 
In the next lemmas, i? is a Fock algebra. 

Lemma 16 Let i and x & B such that x is i-homogenous and ni{x) < 
0. Then 3A G K such that x = X [Vi]. Furthermore, if ni{x) < 0, A = 0. 

Proof : 

By (6) of definition there exists a linear combination of elements of X*j^+, 
let us say A + ^, where A is the scalar part, such that x — A — ^ G Vi. The 
result is then clear using the fact that Vi is graded. QED. 

Lemma 17 Vz, j G VA; G N*, 3 y}^, . . . , ^"^ such that G Xl^X\, y^ 
has the same numbers as a^a'j' and a^a'j' = Y.n=o Vij [^k] ■ 

Proof : 

By the previous lemma the result holds for = 1. If it holds for k, then 
a-iaj = J2n=oyij + Vk, with Vk G V^. Write Vk = Y.WtZt [Vk+i] with Wt e B 
and Zt G X\. Then each Wt can be decomposed as a linear combination of 
some elements in X\+ modulo Vi. Thus we can write Vk = J^w'^Zt [Vk+i] 
with w[ G X\+. Now the numbers of w[zt are the same as those of a^a^. 
Thus Zt must contain and must contain a^, at least once. If we remove 
one copy of these two generators in Zt and w[ respectively, we find that the 
numbers of the remaining two monomials must cancel. Since one consists of 
generators only, and the other of destructions only, they must be of the same 
length. So w[ G X^+. QED. 

Proposition 5 If B is a Fock algebra, then B fulfills (Hi) and (i?2)- 

Proof : 

Let X G PlneN* and m be a monomial. Take n larger than the length of m, 
and any n-uple X. Then ni{ajm) < 0, so a^m = \Vi\ by lemma 0. Thus 
Vrjn = 0[Vi] and p{x){m) = 0, consequently x GKer(p) = {0}, and (Hi) is 
fulfilled. 

Let us show that Vkaj^ C Vk-i for all i, which clearly entails {H2). This is 
true for k = 1. If it is true for k, then \/p < k — 1, VkX^+ C Vk-p. Let x be a 
monomial in Vk+i- Write x = x'a^ We have a^af = Y^pZo ^k,pVk,pWk,p + nk, 
with Uk G Vk, Vk,p G and Wk,p G X\, by lemma |1^ Thus x'vk,p G Vk-p 
and X G Vk- So by induction, we find the claimed result. QED. 
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Remark : Let 5 be a topological n.o.a. and a Fock algebra, and put the 
discrete topology on F. Then the topology of B is stronger than the topology 
of pointwise convergence on End(-F). In all the cases we will investigate, these 
topologies are in fact the same. 



6.2 The classification theorem 

Theorem 3 If B = L^/I is a topological n.o.a. of type a that is symmetric 
and quadratically presented, then either I is one of the ideals enumerated in 
theorem ^ or there exist h E R \ {0}, q E R \ { — 1, 1} such that I is generated 
by 

• (d) {a^ttj — aja^, afa^ — a^af , a^a^ — a'ja^, a^af — qafa^ — l\i ^ j} 

• (d') {a^aj + aja^, afa^ + a^'af , a^a'^ + a^a^, afif — qafa^ — l\i ^ j} 

In the case {d), the algebra is called a q-boson algebra, and denoted by A^,. 
In the case {d') it is called a pseudo-q-boson algebra, and denoted by A^. In 

both cases we have Ni = aT*^^ ~'~ ^ algebras B are 

k=o 1 ~ ^ 

central and the number operators are unique up to an additive constant. 



6.3 Sketch of proof of theorem |^ 

Let B be an algebra fulfilling the hypotheses of theorem ^. This algebra 
will also fulfill the hypotheses of theorem ^, except (-P3), which is replaced 
by (P3) which is the same as (P3) except that the iVj are allowed to belong 
to B instead of B. One can verify that proposition | still holds in this 
context, since it only depends on the gradation of B by the i-numbers. Thus 
all we have to do is to re-examine the cases of section 5.3 which have been 
eliminated by the hypothesis (-P3). We will have then to verify whether they 
fulfill (i/i), (H^), and (Pg)- 

First of all, let us note that in the cases containing B2 we have af^a/^ = 1, 

thus (Hi) cannot be true. 

Let us look at the remaining cases. 

(l,l)fcU(l,-l),U(2,0) : 

• E, (3 = 1 : We have the pseudo-fermionic algebra B = Ca- The 
hypotheses of lemma 14 are fulfilled, (Hi) and (i?2) are easily seen to 
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be satisfied. The elements of B can be written 

oo 

^hZfk^h ■ ■ ■ ^t^ji ■ ■ ■ 

1=0 n<...<ifc 
ji<-<n 

the second sum being finite for eacfi /. 

If X e Z{B), X = limfc Xfc, witli Xk G B^, by lemma |l^, so that we must 
have Vi G X^, lim[xfe, a J =0. 

Thus Vn, 3p, k > p ^ [xk, aj G Vn- Now [a^ . . . af^aj-^ . . . Oj^., aj equals 
^t--- o-t-i^^t+i ■ ■ ■ (^t^n ■■■aj^,ifi = is, and if i ^ {ii, . . . , ik}. 
We thus have Xk G K+Vn+Vj\{iy, where is the left ideal generated 
by 0- So we see that x E K + Vn + Vi\{i}, for all n and for all 

i. This shows that x E K. 

[1, l)a U (1, — l)a U (2,0) : This case is similar to the previous one, except 



that for E, (3 = 1, we get B = Cj. 
(l,l)fcU(l,-l). : 

• A2 : See E, with /5 = 0. 



^2 U i?i : We must have r + s = 0. As in the finite case one shows that 
a^a- = 1. Thus {Hi) cannot be fulfilled. 

E : r + s = 0. We are in the bosonic and g-bosonic (g = — /?) cases. 
We can use lemma |l^ with T = {axaj\ii < • • • < "^fe, ji < • • • < ji}- 
{H2) is clearly true. One shows that B is central exactly as we did in 
case (1, l)b U (1, — l)a U (2, 0). For q 7^ ±1, one sees that the number 
operators are given by 



fc=0 

(this had been shown in 



fc=o 1 



• EU AlU Bi : r + s = 0. As we have already seen, we have Z{B) = B^. 
Then if (Hi), {H2) and (P3) were true, we would have Z{B) = B^, 
which entails that (-P3) cannot be true, a contradiction. 

'l,l)aU(l,— This case is similar to the previous one. We find the 



pseudo-g-bosons in case E. 
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(l,l)cU (2,0) : Since VA; > 2, Vfe = {0}, we have B ^ B. 
(l,l)„,,fcU(2,0) 

m E: (3 = 1. We define : 5 — > Ci as in 2.4. Suppose that there exist 
number operators Ni E B. Then let w„ e S be such that A^^ — lim„ Un- 
Take j ^ i. We must have lim„([w„, aj + = and lim„[xi„, a^] = 0. 
Thus 3n such that aj + G V2 and Qj] G V2. But 0(V2) = 0. 
Thus [(l){un), a] + a — and [0(Mn), c^] 0, which is absurd. 

• EU AiU Bi : same as above. 
(1,-1)„U(2,0) 

• E: P = l. 

— r 7^ 0: The reduction system S = {a^af^l — afa^, a^^— >0, 
a^Oj ^qOj aj\i 7^ j} is confluent. The basis of irreducible mono- 
mials is T = {ajaj\ir 7^ ir+i and js 7^ Js+i}- Let us deflne the 
degree of a monomial in B to be the degree of its normal form. 
Then d°{aj) — k, and OjOj- is a linear combination of monomials 
of degree > k. More precisely, they are of degree A; + 1 whenever 

Suppose there exists a number operator Ni. Then Ni = J2k^ij 
with (i°(iyf) = 2k. Now let j be such that j 7^ i and j does 
not appear in any monomial of the support of or Nf (there 
is a finite number of such monomials). Then [iVj,aj] = ^ 
[Nl,a^] = 0. Now Nl = Y^k^kata^ (finite sum). Thus [Nl.a^] = 
Yuk ^k{cikO'kO'j ~ Q'^t'^j'^k) = 0, so Afc = and Nl = 0. 
Now only [iV/,aJ can provide terms of degree 1 in [Ni,a^]. Con- 
sequently, Ni cannot exists. 

— r — 0: Let us multiply af^ to the right by a^^af^ + af^^i^^ with 
ii ^ i-i- We get : = af^a'l^ai^. In the same way we have = 
af^al^ai.^, with 23 7^ ^2, thus = af_^af^af^ai.^ai.^. By induction we 
see that e flfeeN* ^k, so (i^i) cannot be fulfilled. 

(W)a: 

• A2, r = : We do as in the case (1, -!)„ U (2, 0) U E. 

• U Bi, r 7^ : we find afa^ — 1. 
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• E 



— r 7^ : We have a confluent reduction system and we can use the 
same argument as in case (1, — l)a U (2, 0). 

— r = : Since a^afa^ = a+, we can do as in case (1, — l)a U (2, 0). 

• A2 : See E, f] = 0. 

• A2U Bi : The following relations hold in B : 

a^aQa^j = af, Vj 7^ 

a^ttjaf = a ■, Vi < j 

a^afoj = af, Wi < j 

To see it, one should use the non-commutative Buchberger algorithm 
on the initial reduction system. This can be done with the computer 
programs already cited. See also ||Besl[ | for a detailed account of the 



calculations. So, as in 2.4, (1, l)^ U U A\ U -Bi, we can prove that 
B^ =Span{a,|'^aQ'^|A; G N}. Now take i and j, two distinct indices, and 
set Ni = lim„x„. We have : Vn G N, 3k such that [xA:,aj] + G Ki 
and [xk, dj] G ¥„■ Now if t*j is the automorphism induced by the 
(i, j')-transposition, we have : T*jXk = x^, and T*jVn = Ki, so that 
T*j[xk, cij] = [xk, aj G Vn, thus G Vn, and this is true for all n. So if 
(Hi) is satisfied, (P3) is not. 

E OT EU AiU Bi: 

— P = —1 : We can send B onto Ai by ip, as in the finite case. 
Suppose that is a number operator, and take j 7^ i. If m„ is a 
sequence in i? that converges towards Ni, we must have for n large 
enough : aj + 0^ G Vi and a^] G Vi, so that [0(u„), a] + a G 
a~^Ai and [0(M„),a] G a'^Ai. Now {—a + a+Ai) fl a^Ai = 0, a 
contradiction. 
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— (3^—1: We can use the same method if we send B onto the 
g-bosonic algebra (g = — /?) Al. Since (—a + a~^Ai) fl = 0, we 
arrive at the same conclusion. 



A2 : Let us prove the following relations by induction : 

ak^t ■ ■ ■ ^t.O't = • • • a+ 

for alH < ii < . . . < ij < k. They are true for j = 0, so let us suppose 
they are true for j. It suffices to multiply on the left by Oj .^^ in the first 
relation, and on the right by a^^^ in the second one, to see that they are 
still true for It is then easy to see that the reduction system formed 
by a^tti^ . . . ai^ai^{-iyai^ . . . a^., a,,a+ . . . a+a^^(-l)%+ . . . a+, and 
a^a^^ — a^aj, a^af^ — afa^ for all j > i, is confiuent. So {H2) is 
not satisfied, indeed : Wii < . . . <ik and i ^ {n, . . . , Zfe}, a^a^ • • • '^J. 
irreducible and Vn =Span{aj^a;| \ J\ = n and ajX irreducible}. 



A2U Bi : We can use the same method as in (1, l)fe (see ||Besl|| for the 
computer calculations). 

E : Let us call p the quotient map p : B —>■ B' := B / {{a^al — 
\i G I}). Suppose B satisfies (P3) and set Ni = 
lim„a;„, ^ 7^ 0, with Xn G B^. Then p{xn) G B'^ but we know that B'^ 
is generated by the Oq'^'s. Thus p{xn) is invariant by any transpo- 
sition T*j. For all k there exists an n such that [xn, aj + G Vk, and 
[xn,aj] G Vk. Thus [p(a;„),p(aj)] + pia^) G piVk) and [p{xn),p{aj)] G 
p{Vk). Using T*j on the second equation, and substracting from the 
first, we find p{a-) G p(Vfc). Then, using ip : B' ^ Bf^, defined in the 
paragraph 5.3 : 

a® G (a+ ® l)Bp 

but this is false, as we can see by using the basis {a+^a* ® ^j}, where 
{^t} is a basis of A containing ^j. 

E U AiU Bi : We know that B^ =Span{aQ '^Oq'^}, thus we can do as in 
case (1, l)b UA2U Bi. 



57 



7 Concluding Remarks 



In this article, we have tried to explore the algebraic constraints that a free 
field theory must abide by. Of course this approach have raised as many 
questions as it has answered. Imposing quadratic relations (and confiuence 
in the finite case) seems to be just as restrictive as needed in order to state 
a classification theorem. In this way we have recovered all the known cases, 
plus a new one if the number of degrees of freedom is finite. The virtue of this 
method is also to put on an equal footing bosons, fermions, pseudo-bosons 
and pseudo-fermions, which shows that e-symmetry (see [ |Bes2|] ) appears in 
a natural way. 

There are at least two directions towards which we can try to go further : in- 
corporating infinite sums in the defining relations and allowing cubic relations 
in order to recover para-statistics. These subjects are under investigations 
but what we have done so far indicates that other algebraic hypotheses must 
be imposed to keep the problem feasible. 
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